
2

( )

.

T2 .

§1. ;

§2. ;

§3. ;

§4. .

2.1

1.

2.

3.

4.

1. rigid moves

.

.

. .

.

: Rn σ : Rn → Rn

rigid move , x, y ∈ Rn

d(σ(x),σ(y)) = d(x, y).

Rn , I(Rn).

Rn A, B ⊂ Rn A ≡ B,

σ ∈ I(Rn), σ(A) = B.
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( )

A, B ⊂ Rn,

A ≡ B?

1. : ( )

. , ,

.

.

1) a ∈ Rn, a

Pa : Rn → Rn, Pa(y) = y + a,

, Pa ∈ I(Rn).

2) a ∈ Rn, a

Ra : Rn → Rn, Ra(x) = 2a− x,

Ra ∈ I(Rn).

3) k L ⊂ Rn, L

RK : Rn → Rn

RL ∈ I(Rn).

Rn e1, · · · , en L k

L = 〈e1, · · · , ek〉. RL ∈ I(Rn)

RL(y1, · · · , yn) = (y1, · · · , yk,−yk+1, · · · ,−yn)

4) θ ∈ [0, 2π], R2 θ

τθ : R2 → R2
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τθ ∈ I(R2).

τθ(x, y) = (cos θ · x+ sin θ · y,− sin θ · x+ cos θ · y)

5) O(n) {A ∈ M(n× n), AAτ =

In}. A ∈ O(n),

A : Rn → Rn, A(y) = A · y.

A ∈ I0(Rn) Rn .

1. .

O(n) n

In n .

2. I(Rn) = Rn σ, τ ∈ I(Rn).

1 σ : Rn → Rn σ−1 ∈ I(Rn);

2 σ ◦ τ ∈ I(Rn).

3. e ∈ I(Rn) Rn . I(Rn) e

I(Rn)

I(Rn)× I(Rn) → I(Rn), σ × τ = σ ◦ τ

I(Rn) → I(Rn), (σ)−1 = σ−1

I(Rn) Rn .

4. I0(Rn) = {σ ∈ I(Rn) | σ(O) = O} O ∈ Rn .

1 I0(Rn) ⊂ I(Rn)

2 h : O(n) → I0(Rn), h(A) = A, .

ei = (0, · · · , 0, 1, · · · , 0) ∈ Rn Rn .

h

h−1(σ) = (σ(e1), · · · ,σ(en)).

5.

f : I0(Rn)× Rn → I(Rn), f(σ, a) = σ ◦ Pa,
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( )

,

h−1(σ) = (P−σ(0) ◦ σ,σ(0)).

2.

. ,

.

.

, .

(X, τ) (Y, τ ′) f : X → Y ,

1) f ;

2) f f−1 : Y → X .

(X, τ), (Y, τ ′). f : X → Y , X

Y , X ∼= Y. !

(X, τ), (Y, τ ′), (X, τ) ∼= (Y, τ)? !.

.

1:

1) (X, τ), 1X : (X, τ) → (X, τ) .

2) f : (X, τ) → (Y, τ ′) , f−1 : (Y, τ ′) → (X, τ)

.

3) f : X → Y, g : Y → Z ,

g ◦ f : X
f→Y

g→Z.

.!

, .

: 1, 1) ; 2) ; 3) . !

2: f : X → Y ,

1) f ;

1) f−1

2) f( X ) = Y ( f )

3) f( X ) = Y ( f ).
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2. f f−1 : Y → X .

f f−1 .

a) τ = Rn τ ′ = Rn .

1Rn : (Rn, τ) → (Rn, τ ′)

: l ⊂ Rn

Rn − l ∈ τ Rn − l /∈ τ ′.

b) S1 = {(x, y) ∈ R2, x2 + y2 = 1},

f : [0, 1) → S1, f(t) = (cos 2πt, sin 2πt).

f

f−1 : S1 → [0, 1) . f

[
0,

1

2

)
S1 .!

, X, Y

.

3 f : X → Y X T2 Y , f

.

: f : X → Y X T2 Y . X

A ⊂ X, A . f(A) T2 Y

. 2 3) , f−1 . f

.!

, X Y

1) , f : X → Y , ;

2) , , , .

.

3.

f : X → Y (X, τ) (Y, τ ′), . f
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( )

f : τ → τ ′, U → f(U) ∈ τ ′, U ∈ τ

.

,

: X ∼= Y ,

1) X Ti Y Ti , i = 1, 2, 3, 4;

2) X Y ;

3) X ( ) Y ( ).!

, ( ) ,

, .

.

3 a < b. R1

A = [a, b]; B = [a, b); c = (a, b).

A B,C , A+∼=B,C.

f : [a, b) → (a, b). , f : [a, b) →
(a, b). r = f(a) ∈ (a, c). f

(a, b) = [a, b)− {a} f ′

→(a, c)− {r}.

(a, b) (a, c)− {r} , . !

4

A =

B =

C =

: A B, C , A +∼= B, A +∼= C.

a ∈ B f : B → C f

f ′ : B − {a} → C − {f(a)}.
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C − {f(a)} B − {a} , f ′ ,

B +∼= C. !

4. ( )

4: X,Y , f : X →
Y, g : Y → X ,

g ◦ f = 1X : X → X ; f ◦ g = 1Y : Y → Y.

: f : X → Y , g : Y → X . g ◦ f = 1X , f ◦ g = 1Y

1) f ; 2) g .!

n

1 n Dn = {x ∈ Rn, |x|2 " 1}.
2 n

◦
Dn = {x ∈ Rn, |x|2 < 1}.

3 n Sn = {x ∈ Rn+1, |x|2 = 1}(= ∂Dn+1).

, Ω Rn n :

5:

1) Rn; 2)
◦
Dn; 3) Sn − {p}, p ∈ Sn; 4)

◦
Ω.

:

A: Rn ∼=
◦
Dn; B: Rn ∼= Sn − {p}. C:

◦
Dn ∼=

◦
Ω.

A f : Rn →
◦
Dn, g :

◦
Dn → Rn

f(y) =
y

1 + |y|
; g(x) =

x

1− |x|
.

i) f, g
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( )

ii) f ◦ g = 1 ◦

Dn
; g ◦ f = 1Rn ( ).

( x ∈
◦
Dn f, g

f ◦ g(x) = g(x)

1 + |g(x)|
=

x

1− |x|
1 + | x

1− |x|
|
= x.

A . f g

B Rn+1 = {(x, t) ∈ Rn × R1}.

Rn = {(x, 0) ∈ Rn × R}

Sn = {(x, t) ∈ Rn × R, |x|2 + |t|2 = 1}.

p = (0, 1) ∈ Sn .

f : Sn − {p} → Rn; g : Rn → Sn − {p}

:

f(x, t) =
x

1− t
; g(y) =

(
2y

1 + |y|2
,

|y|2 − 1

|y2|+ 1

)
.

i) f g ;

ii) g ◦ f = 1Sn−{p}; f ◦ g = 1Rn ( ).

( : y ∈ Rn f, g

f ◦ g(y) = f

(
2y

1 + |y|2
,
|y|2 − 1

|y2|+ 1

)
=




1

1− |y|2 − 1

|y2|+ 1



 ·
(

2y

1 + |y|2

)
= y.)
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B f g

i) (x, t) ∈ Sn − {p} f(x, t) = (x, t), p ∈ Rn+1

Rn ;

ii) y ∈ Rn, g(y) = y, p ∈ Rn+1 Sn

.

n = 2 f

i S2 p , R2

ii S2 p , R2

.

C Ω n . ∂Ω.

Ω 0 ∈
◦
Ω . f : Ω → Dn

f(x) =






0, x = 0;
1

|x̄|
x, x += 0.

x̄ =
−→
Ox ∂Ω .

f .

1) f x, y ∈ Ω f(x) = f(y), x = 0, y = 0.

x += 0, y =
|ȳ|
|x̄|

x, x x , ȳ = x̄, y = x.

2) f Dn x += 0 x = tx0 ∈ Dn,

t ∈ (0, 1], x0 ∈ Sn−1 y = tx̄,



· 54 · 2

( )

x̄ =
−−→
Ox0 ∂Ω .

x0 =
x̄

|x̄|
,

f(y) =
t

|x̄|
x̄ = t · x0.

3) f Ω T2 Dn ,

f : Ω ∼= Dn.

, Ω Ω =
◦
Ω , ∂Ω, f

f(
◦
Ω) =

◦
Dn, f(∂Ω) = Sn−1.

f ∂Ω ∼= Sn−1;
◦
Ω ∼=

◦
Dn. !

3. Ω Rn n , Ω ∼= Dn; ∂Ω ∼= Sn−1.

1. 5 A f, g

5 B f, g

5 C f .

2.

1) Sn−1 × R; 2) Rn − {0}; 3) Rn −Dn.

: A: Sn−1 × R ∼= Rn − {0}.
R ∼= (0,+∞), Sn−1 × (0,+∞) ∼= Rn − {0}.

f : Sn−1 × (0,+∞) → Rn − {0}
g : Rn − {0} → Sn−1 × (0,+∞)

f(x, t) = tx; g(y) =

(
y

|y|
, |y|
)
.

.

3. . !

2.2

2.1.

2.2.

2.3.

2.4. X/A
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2.2.1

X ∼ ,

1) x ∈ X , x ∼ x;

2) x ∼ y, y ∼ x;

3) x ∼ y, y ∼ z, x ∼ z.

∼ X .

a) X ∼ :

X := X/ ∼ (X ∼ [x] )

2) X ∼ :

π : X → X , π(x) = [x](x ).

1. .

X = .

1) a, b ∈ X , a ∼ b. ∼ X ,

X = ( ) π : X → X, π(x) = x .

2) a, b ∈ X , a ∼ b, ∼ X ,

X = π : X → X, π(x) = x .

3) a, b ∈ X , a ∼ b, a

b a ∼ b X

(X, τ) , ∼ X .

:

π : X → X = X/ ∼ .

X τ̄ = {U ⊂ X, π−1(U) ∈ τ} ⊂ 2X .

3.1 .

1) τ̄ X

2) π : (X, τ) → (X, τ̄ ) .

(X, τ̄ ) (X, τ) ∼ , .

: τ̄ {Uλ ∈ τ̄ , λ ∈ Λ} X τ̄

.

a) π−1(φ) = φ ∈ τ, π−1(X) = X ∈ τ , φ, X ∈ τ̄ ;

b) |Λ| , π−1
( ⋂

λ∈Λ
Uλ

)
=
⋂

λ∈Λ
π−1(Uλ) ∈ τ

⋂
λ∈Λ

Uλ ∈ τ̄ .

c) |Λ| , π−1( ∪
λ∈Λ

Uλ) = ∪
λ∈Λ

π−1(Uλ) ∈ τ ∪
λ∈Λ

Uλ ∈ τ̄ .

, π τ̄ . !
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( )

2.

, .

I2 = I × I = {(s, t) ∈ R2, 0 " s, t " 1}.

a) I2 ∼ x ∼ x, ∀x ∈ I2 (0, t) ∼ (1, t), 0 " t " 1.

I2/ ∼

b) I2 ∼ x ∼ x, ∀x ∈ I2 (0, t) ∼ (1, 1− t), 0 " t " 1.

I2/ ∼ Mobius

c) I2 ∼ x ∼ x, ∀x ∈ I2 (0, t) ∼ (1, t), (s, 0) ∼
(s, 1), 0 " s, t " 1. I2/ ∼

2

2

1 1

2

1

d) I2 ∼ x ∼ x, ∀x ∈ I2 (0, t) ∼ (1, t), (s, 0) ∼
(1− s, 1), 0 " s, t " 1. I2/ ∼ Klein

1 1

2

2

1
2

2 2

2

2
2
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2.2.2 X = X/ ∼

3.2 π : X → X, Z , f : X → Z.

f f ◦ π :

X

π
!!

f◦π

""!
!
!
!
!
!
!
!

X
f

## Z

, .

f ◦ π : X → Z , Z U ⊂ Z,

(f ◦ π)−1(U) = π−1(f−1(U)) ∈ τ.

τ , f−1(U) ∈ τ !

, π : X → X F : X → Z,

f : X → Z

F = f ◦ π ?

X

π
!!

F

""!
!
!
!
!
!
!
!

X
?

## Z

: F = f ◦ π? f

3.3: F = f ◦ π f

x, y ∈ X , π(x) = π(y) (x ∼ y), F (x) = F (y).

f : X → Z , x, y ∈ X, π(x) = π(y),

F = f ◦ π : X → Z.

F (x) = F (y).

, x, y ∈ X, π(x) = π(y) F (x) = F (y) ,

f : X → Z, f(π(x)) = F (x)

, F = f ◦ π. 3.2, f . !
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( )

2.2.3

.

n (RPn, d)

PPn = Rn+1

d : RPn × RPn → R, d(l1, l2) = l1 l2 .

Sn ∼: x ∼ y ⇔ y = ±x.

π : Sn → Sn/ ∼

n Dn ∼: x ∼ y ⇔ x = y, x, y ∈ ∂Dn y = ±x.

π+ : Dn → Dn/ ∼ .

1: RPn, Sn/ ∼, Dn/ ∼ .

: F : Sn → RPn, F (x) = x :

π . F (x) = F (y) y ∼ x, 3.3,

f : Sn/ ∼→ RPn.

. F F = f ◦π, f . , f .

Sn/ ∼ RPn T2 , 2.1. f .

Sn

Sn
+ = {(x, t) ∈ Rn × R| |x|2 + t2 = 1, t # 0}.
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F+ := F | Sn
+. Sn

+

F+ . Sn
+
∼= Dn Sn ∼

Dn ∼, f+ T2

Dn/ ∼∼= RPn. !

: F , Hopf ,

RPn ( 3 .

RP 2

1) 2

2) 2 . !

RP 1 S1. !

: S1 × S1 2 , T 2.

C . S1 = {e2πit ∈ C, t ∈ [0, 1]},

T 2 = {(e2πis, e2πit) ∈ C× C, s, t ∈ [0, 1]}.

R2 = {(s, t), s, t ∈ R}

(s, t) ∼ (s′, t′) ⇔ s− s′ ∈ Z; t− t′ ∈ Z.

π : R2 → R2/ ∼ .

I2 = {(s, t) ∈ R2, s, t ∈ [0, 1]},

(s, t) ∼ (s′, t′) ⇔ s− s′, t− t′ ∈ {0,±1}.
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( )

π+ : I2 → I2/ ∼ .

2: T 2, R2/ ∼, I2/ ∼ .

: F : R2 → T 2, F (s, t) = (e2πis, e2πit),

R2

π ↓ ↘ F

R2/ ∼ ?
$$% T 2

π .

F (s, t) = F (s′, t′) ⇐⇒ e2πis = e2πis
′

, e2πit = e2πit
′

⇐⇒ s− s′ ∈ Z, t− t′ ∈ Z

⇐⇒ (s, t) ∼ (s′, t′).

f : R2/ ∼→ T 2.

, I2 → R2 ∼,

I2 ⊂ R2

I2

π+ ↓ ↘ F+

I2/ ∼ ?
$$% T 2

F+ , f+ f . ,

f [s, t] = f [s′, t′] ⇒ F (s, t) = F (s′, t′)

⇒ (s, t) ∼ (s′, t′) ⇒ [s, t] = [s′, t′],

f f+ . , I2 , T 2 T2 , f f+ . !

: F , T 2 ( 3 .

T 2 I2 = {(s, t) ∈ R2, s, t ∈ [0, 1]}
.!
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2.2.4 X/A

T1 (X, τ) A ⊂ X . X

∼A :

x ∼A y ⇔ x = y x, y ∈ A.

π : X → X/A := X/ ∼A .

X/A X A .

π(A) = [A] ∈ X/A. !

π : X → X/A

1) π X −A X −A → X/A− {[A]}.
2) x ∈ X ,

π−1[x] =

{
x, x∈A
A, x ∈ A

3) X/A τX/A = {π(U),π(V ), U, V ∈ τ, U ∩ A = ∅, A ⊂ V }.!

X/A

1) T1 (X, τ), (Y, τ ′).

a) X , Y ;

b) U ⊂ X , Y

U = U1 , U2, U1 ∈ τ, U2 ∈ τ ′.
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( )

2) (X, τ), (Y, τ ′), x0 ∈ X, y0 ∈ Y .

A = {x0, y0} ⊂ X , Y . (X , Y )/A

X Y ,

X ∨ Y := Y ∨(x0,y0) Y.

k xi ∈ Xi, 1 " i " k,

:

X1 ∨X2 ∨ · · · ∨Xk := X1 ,X2 , · · · ,Xk/A

A = {x1, · · · , xk}.
:

1 A = {x1, · · · , xk} ⊂ S1 . S1/A = S1 ∨ · · · ∨ S1,

π : S1 → S1 ∨ · · · ∨ S1.

2 Di ⊂ Sn, i = 1, 2, · · · , k Sn k A =

Sn − (D1 , · · · ,Dk) Sn/A = Sn ∨ · · · ∨ Sn,

π : Sn → Sn ∨ · · · ∨ Sn.

3) X , X × [0, 1] X

.



2.2 · 63 ·

X × I ,

a) t ∈ [0, 1], X × {t} ⊂ X × [0, 1] t ;

b) x ∈ X, x× [0, 1] x ∈ X ;

c) X × {0}, X × {1} X × [0, 1] ;

CX :=
X × I

X × {1}
X .

π : X × I −→ CX, π(x, t) = [x, t].

1:. T n = S1 × · · ·× S1 n n Rn

(x1, · · · , xn) ∼ (y1, · · · , yn) ⇔ xi − yi ∈ Z.

1 ∼ Rn

2 T n Rn/ ∼ .

2: X/A A ⊂ X

3:. Sn−1 n− 1 . CSn−1 ∼= Dn

F (x, t) = (1− t)x. . !

4: A ⊂ X
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( )

1 X X/A

2 X X/A

3 X T1 + T3 , X/A T2 !

5:. A ⊂ S2 , S2/A π : S2 → S2/A !

6:. {x1, · · · , xk} ⊂ S1 .

1) S1/{x1, · · · , xk} =?

2) π : S1 −→ S1/{x1, · · · , xk}.!

7:. {x1, · · · , xn} ⊂ S2 .

a = min{d(xi, xj), 1 " i += j, xi " n}};

B
(
xi,

a

3

)
=
{
x ∈ S2, d(xi, x) <

a

3

}

A = S2 − ,B
(
xi,

a

3

)

1) S2/A =?

2) π : S2 → S2/A. !

2.3

.

4.1.

4.2.

4.3.

4.4.

2.3.1
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, X , 4 , 2 , 1 Y

. ,

R2
+ = {(x, y) ∈ R2, y # 0}.

: (M, τ) , T2 x ∈
M x ∈ U ∈ τ ,

(U, x) ∼=

{
(R2, 0)

(R2
+, 0)

M ,

M◦ = {x ∈ M, (U, x) ∼= (R2, 0)}
∂M = {x ∈ M, (U, x) ∼= (R2

+, 0)}

M◦ M , ∂M M . ,

1) ∂M = φ, M .

2) M , ∂M = ∅, M . !

1. x ∈ M◦ x ∈ ∂M

R2
+ +∼= R2.

f : R2
+ → R2,

f : R2
+ − {0} → R2 − {f(0)}.
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( )

f+ : π1(R2
+ − {0}) = {0} −→ π1(R2 − {f(0)}) = Z.

.

2. ,

. !

4.1:

S2( ) , T 2 = S1 × S1( ), RP 2( ).

M = S2, T 2, RP 2. M T2 . ,

x ∈ M, x ∈ U ∈ τ ,

(U, x) ∼= (R2, 0)

1) x ∈ S2, f : S2 − {−x} = U → R2 .

(U, x) ∼= (R2, 0).

2) x = (e2πia, e2πib) ∈ T 2 = S1 × S1,

U =

{
(e2πi(a+t), e2πi(b+s)) ∈ T 2, t, s ∈

(
−1

2
,
1

2

)}
.

f :U →
(
−1

2
,
1

2

)
×
(
−1

2
,
1

2

)
= R2

f(e2πi(a+t), e2πi(b+s)) = (s, t)

: (U, x) → (R2, 0) :

3) Hopf f : S2 → RP 2. l ∈ RP 2, L ⊆ R3

. L S2 :

S2 − S2 ∩ L = Ux , U−x,
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±x l S2 f

(Ux, x) = (R2, 0)
f→(f(Ux), l).!

.

2.3.2

( ) , D = D2

D ⊂ M, D ⊂ N.

∂(M −
◦
D) ∼= ∂(N −

◦
D) = ∂D = S1

M(N :=
(M −

◦
D) , (N −

◦
D)

x ∈ ∂(M −
◦
D) ∼ x ∈ ∂(N −

◦
D)

M N .

π : (M −
◦
D) , (N −

◦
D) → M(N

.!
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( )

4.2 M, N

1) M(N ;

2) M(N D ⊂ M, D ⊂ N .

x ∈ M(N , |π−1(x)| = 1, x

|π−1(x)| = 2, x . 1)

M(N π , .

M(N = π(M −
◦
D) ∪ π(N −

◦
D) π(M −

◦
D) π(N −

◦
D)

, α : [0, 1] → M(N ,

α(0) ∈ π(M −D), α(1) ∈ π(N −D).

M(N x ∈ M(N .

i) x ;

ii) x .

M(N T2 x, y ∈ M(N x += y.

i) x y ;

ii) x , y ;

iii) x y .

1) .

2) 2 D2

D1, D2 ⊂
◦
D2 , :

f : D2 −
◦
D1 → D2 −

◦
D2

f |∂D2 = 1S1 : S1 → S1.

4.1, 3 2 S2 , T 2 , RP 2.

4.2 , .

4.3( , Mobius,1875):

1) 2 S2 ;

2) nT 2 = T 2( · · · (T 2(n-copies)
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3) mRP 2 = RP 2( · · · (RP 2 (m-copies). !

:

: 3.1 :

1. .

. .

2. .

.

:

nT 2(mT 2 = ((n+m)T 2;

nRP 2(mRP 2 = ((n+m)RP 2;

nT 2(mRP 2 = ((2n+m)RP 2.

.

2.3.3

1: R2 −−→
AB,

−−−→
A′B′, (

⇒ ) f :
−−→
AB →

−−−→
A′B′ f(

−−→
AB) = f(

−−−→
A′B′).

ÂB, Â′B′, (⇒
) f : ÂB → Â′B′, f(ÂB) = f(Â′B′).!

D2 , Ωn

n , .

D2 ∼= Ωn.

1 ,

A. Mobius

S1 × [0, 1] Mobius .

Mobius 2 RP 2 −
◦
D.

B. Ω3 {−→a ,−→a ,−→c }. {−→a ,−→a }
, π : Ω3 → M := Ω3/ ∼. M

i) π(c) Mobius

ii) 2 M = RP 2 −
◦
D, ∂M = π(c).
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C. Ω5 {−→a ,
−→
b ,

−−→
a−1,

−→
b−1,−→c }.

{−→a ,
−−→
a−1} , {

−→
b ,

−→
b−1}

π : Ω5 → M := Ω5/ ∼. M T 2 2

:

M = T 2 −
◦
D, ∂M = π(c).

4.4 D2 4n ,

{a1, b1, a−11 , b−11 , · · · , an, bn, a−1n , b−1n .}

ai a−1i , bi b−1i
D2

〈ai ∼ a−1i , bi ∼ b−1i 〉
n · T 2.

4.5 D2 2n ,

{a1, a1, a2, a2, · · · , an, an.}

{ai, ai} ,
D2

〈ai ∼ ai〉
n · RP 2.

4.4 n = 1, 2, · · · , k,



2.3 · 71 ·

!

4.5 n = 1, 2, · · · , k,
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( )

!

4.6 4.4 , π : D2 → nT 2

1) π(∂D2) = π(S1) =
∨
2n

S1
i .

2) π|
◦

D2 :
◦

D2 → nT 2 − π(∂D2) .

4.5 , π : D2 → nRP 2

1) π(∂D2) = π(S1) =
∨
n
S1
i ,.

2) π|
◦

D2 :
◦

D2 → nRP 2 − π(∂D2) . !

2.3.4 Cell complexes

.

A f : Sn−1 → A. A , Dn

∼

x ∈ ∂Dn = Sn−1 ∼ f(x) ∈ A.

A ,Dn π→A ∪f Dn :=
A ,Dn

x ∈ Sn−1 ∼ f(x) ∈ A
.

A ∪f Dn f A n .!
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4.7 A ∪f Dn τf

τf = {π(U1 , U2)| U1 ⊂ A, U2 ⊂ Dn ; f−1(U1) = U2 ∩ Sn−1}.

π : A ,Dn → A ∪f Dn

1) π A iA := π|A : A → π(A) ⊆ A ∪f Dn

2) π
◦
Dn π|

◦
Dn :

◦
Dn → A ∪f Dn − π(A)

U ⊂ A ∪f Dn ,

π−1(U) = U1 , U2, U1 ⊂ A ; U2 ⊂ Dn .

f−1(U1) = U2 ∩ Sn−1. , π−1(π(A)) = A , Sn−1 , 1), 2)

. !

4.8 , .

1. A = {p} . f : Sn−1 → A A ∪f Dn = Sn.

2. p ∈ Sn. f : Sk → p ∈ Sn , A ∪f Dk+1 =

Sn ∨ Sk+1.

3. A ∪f Dn A, n, f

. A = S1 = {z ∈ C, zz = 1}, k ,

fk : S1 → S1, fk(z) = zk.

A ∪fk D2 =






S1 ∨ S2, k = 0;

D2 k = 1;

RP 2 k = 2.

!

4. A 2n

A = ∨
1!i!n

(S1(ai) ∨ S1(bi)).

S1 4n , B,

a1, b1, a
−1
1 , b−11 , · · · , an, bn, a−1n , b−1n .

fn = f ′n ◦ π : S1 → A

1) π : S1 → S1/B

2) f ′n : S1/B → A S1(ai), S1(bi) S1(ai), S1(bi)

S1(a−1i ), S1(b−1i ) S1(ai), S1(bi).

S1 π→ S1/B = ∨
1!i!n

(S1(ai) ∨ S1(bi) ∨ S1(a−1i ) ∨ S1(b−1i ))

fn = f ′n ◦ π ↘ f ′n ↓
A = ∨

1!i!n
(S1(ai) ∨ S1(bi))



· 74 · 2

( )

4.6, A ∪fn D2 = nT 2.

5. A n A = ∨
1!i!n

S1(ai). S1 2n

, B, a1, a1, · · · , an, an.
gn = g′n ◦ π : S1 → A

1) π : S1 → S1/B

2) g′n : S1/B → A S1(ai) S1(ai).

S1 π→ S1/B = ∨
1!i!n

(S1(ai) ∨ S1(ai))

gn = g′n ◦ π ↘ g′n ↓
A = ∨

1!i!n
S1(ai)

4.6, A ∪gn D2 = nRP 2.!

4 fn = f ′n ◦ π,

fn = Π
1!i!n

aibia
−1
i b−1i : S1 → ∨

2n
S1 (=⇒ n · T 2 = (∨

2n
S1) ∪fn D2)

5 gn = g′n ◦ π,

gn = Π
1!i!n

aiai : S1 → ∨
n
S1(=⇒ n · RP 2 = (∨

n
S1) ∪gn D2) .

X ,

1) X ?

2) ?

X

n Dn = {x ∈ Rn| |x|2 " 1} .

(n− 1) Sn−1 = {x ∈ Rn, |x|2 = 1} :

X ,

X0 ⊆ X1 ⊆ X2 ⊆ · · · ⊆ Xn = X.
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1) X0 = {p};
2) Xk = Xk−1 ∪fk Dnk .!

4.8

4.9( RPn ) γn−1 : Sn−1 → RPn−1 Hopf ,

RPn = RPn−1 ∪γn−1 D
n. RPn

RP 0 ⊂ RP 1 ⊂ RP 2 ⊂ · · · ⊂ RPn−1 ⊆ RPn.

R1 ↪→ R2 ↪→ R3 ↪→ · · · ↪→ Rn ↪→ Rn+1

RP 0 ↪→ RP 1 ↪→ RP 2 ↪→ · · · ↪→ RPn−1 ↪→ RPn

RP k−1 RP k k ,

γk−1.

RPn−1 , Sn
+

π ↓ ↘ F = in−1 , γ+
n

RPn−1 ∪γn−1 D
n f

$$%
?

RPn

1) in−1 : RPn−1 → RPn Rn → Rn+1 ;

2) Sn
+ = {(x1 · · ·xn+1) ∈ Rn+1, |x|2 = 1, xn+1 # 0} ∼= Dn

3) γ+
n Hopf γn : Sn → RPn Sn

+ .

F

F (x) = F (x) ⇔ π(x) = π(y), x, y ∈ RPn−1 ,Dn

f : RPn−1 ∪γn−1 D
n → RPn,

. RPn−1 ∪γn−1 D
n RPn T2 , f . !

{Dn| n # 0} ,

.

• Sn1 ∨ · · · ∨ Snk

•
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( )

• RPn

• : n C∞ , !

1: 4.7

1) A , A ∪f Dn ;

2) A , A ∪f Dn ;

3) A T2 , A ∪f Dn T2 .!

2: .

3: D ⊂ RP 2 x ∈ RP 2 . RP 2 −
◦
D ∼=

Mobius . !

4: RP 2(RP 2 ∼= S1 × I/(e2π·it, 0) ∼ e−2π·it, 1), . !

5. M . M/∂M RP 2.

6. C1, C2 ⊂ RP 2,

a) RP 2 − C1

b) RP 2 − C2 .

7. 2 · T 2 C1, C2, C3, C4 ⊂ 2 · T 2,

T 2−∪Ci . .

8 X βk(X) = X k . X

χ(X) = β0 − β1 + · · ·+ (−1)kβk + · · · .

1 Sn1 ∨ · · · ∨ Snk

2

3 n RPn.

2.4

G e ∈ G.

1) µ : G×G → G ( µ(a, b) = a · b)
2) ν : G → G ( ν(a) := a−1)
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i) a · (b · c) = (a · b) · c;
ii) e · a = a · e = a;

iii) a · a−1 = a−1 · a = e

(G,µ, ν, e) µ , ν , e .

, G T2 , µ, ν

, G .!

: S1 = {z ∈ C, z · z = 1} T2 ,

µ : S1 × S1 → S1, µ(z1, z2) = z1 · z2.
ν : S1 → S1, ν(z) = z.

1 ∈ S1. (S1, µ, ν, 1) 1 , µ , ν .

.!

4.1.

4.2. ;

4.2. ;

4.3. .

2.4.1

: V , 〈, 〉 :

V × V → R (V, 〈, 〉) .

1: .

1 Mn(R) n× n :

Mn(R) = {A = (aij)n×n| aij ∈ R}.

A(aij), B = (bij) ∈ Mn(R), λ ∈ R,

+: Mn(R)×Mn(R) → Mn(R), A+B := (aij + bij);

·: R×Mn(R) → Mn(R), λ ·A = (λaij).

, Mn(R) .

Tr : Mn(R) → R , τ : Mn(R) → Mn(R)

,

〈, 〉 : Mn(R)×Mn(R) → R, 〈A,B〉 = Tr(BτA)
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( )

Mn(R) . (Mn(R), 〈, 〉) n2

, Rn2

f : Mn(R) → Rn2

, f(A) = (A1, A2, · · · , An) ∈ Rn × · · ·× Rn = Rn2

,

Ak A k .

2 Mn(C) n× n {A = (aij)n×n, aij ∈ C}.

h : Mn(C) → Mn(R)×Mn(R), h(A) = h(A1 + iA2) = (A1, A2).

i ∈ C A1 A2 A .

Mn(C) dimMn(C) = 2n2

Re : C → R − : Mn(C) → Mn(C)

〈A,B〉 = Re(Tr(B
τ ·A)), A,B ∈ Mn(C)

Mn(C) . (Mn(C), 〈, 〉) 2n2

.

3) T (n) n× n

T (n) = {A = (aij)n×n ∈ Mn(R), aii > 0, aij = 0, i > j}.

T (n)

T (n) ∼= (R+)n × R
n(n−1)

2 ∼= R
n(n+1)

2 ,

R+ = {r ∈ R, r > 0}.!

2.4.2

A. Mn(R)

µ : Mn(R)×Mn(R) → Mn(R), µ(A,B) = AB.

ν : Mn(R) → Mn(R), ν(A) = Aτ .

n

O(n) = {A ∈ Mn(R), AAτ = In}.

µ ν O(n)

µ : O(n) ×O(n) → O(n), µ(A,B) = A · B
ν : O(n) → O(n), ν(A) = Aτ .
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, In = diag{1, · · · , 1} ∈ O(n); In = diag{−1, 1, · · · , 1} ∈ O(n).

4.1 O(n) µ , ν , In .

, O(n) , O(n) = O+(n) ,O−(n),

In ∈ O+(n), In ∈ O−(n).

: O(n) Mn(R) , T2 . ,

µ ν , In

.

O(n) . f : Mn(R) → Mn(R), f(A) = A·Aτ

f−1(In) = O(n), O(n) ⊂ Mn(R)

A ∈ O(n)

〈A,A〉 = Tr(AτA) = n.

O(n) Mn(R)
√
n , O(n)

. O(n) Mn(R) , .

O(n) .

det : Mn(R) → R, det(A) = |A|

Mn(R) n , . O(n) ⊂ Mn(R)

det : O(n) → {±1}. O+(n) = det−1(1); O−(n) =

det−1(−1), O(n)

O(n) = O+(n) ,O−(n)),

O(n) .

1) O+(n) ;

2) O−(n) ∼= O+(n), .

A ∈ O+(n), Jordan , P ∈ O(n),

A =






P





c(θ1) · · · 0
...

. . .
...

0 · · · c(θk)



P τ if n = 2k;

P





c(θ1) · · · 0 0
...

. . .
...

...

0 · · · c(θk) 0

0 · · · 0 1




P τ if n = 2k + 1.

c(θ) =

(
cos θ − sin θ

sin θ cos θ

)
, θ ∈ [0, 2π].

α : [0, 1] → O+(n)
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α(t) =






P





c(tθ1) · · · 0
...

. . .
...

0 · · · c(tθk)



P τ if n = 2k;

P





c(tθ1) · · · 0 0
...

. . .
...

...

0 · · · c(tθk) 0

0 · · · 0 1




P τ if n = 2k + 1.

α(1) = A; α(0) = In ∈ O+(n). O+(n) .

f : O+(n) → O−1(n), f(A) = A · In , O−1(n)

. !

: O(n) n .!

B. : det : Mn(R) → R, Mn(R)

GLn(R) = Mn(R)− det−1(0)

n .

ν∗ : Mn(R) → Mn(R), ν∗(A) = A∗

A∗ = (Aij)n×n A

Aij = Aτ i j (n− 1) .

A · ν∗(A) = |A| · In.

4.3

µ : GLn(R)×GLn(R) → GLn(R), µ(A,B) = A · B,

ν : GLn(R) → GLn(R), ν(A) =
1

|A|
A∗,

, GLn(R) µ , ν , In ∈ GLn(R) .

, f : O(n)×T (n) → GLn(R), f(A,C) = A ·C
.

2 .

: GLn(R) n .

C. : Mn(C) =

µ : Mn(C)×Mn(C) → Mn(C) µ(A,B) = A · B.



2.4 · 81 ·

ν : Mn(C) → Mn(C), ν(A) = A
τ
.

Mn(C)

U(n) = {A ∈ Mn(C), AA
τ
= In}.

µ ν U(n)

µ : U(n)× U(n) → U(n)

ν : U(n) → U(n).

4.2: U(n) µ , ν , In ∈ U(n) ,

.

1

: U(n) n .!

2.4.3

n O(n) = O+(n) ,O−(n)

n U(n)

n GLn(R)(∼= O(n) × T (n)).

.

G g ∈ G. G

Lg, Rg : G → G

Lg(x) = g · x; Rg(x) = x · g, x ∈ G

G g ∈ G .

1 Lg Rg G

Lg

G → G×G
µ→G

x → (g, x) → g · x

. Lg

Lg ◦ Lg−1 = 1G; Lg−1 ◦ Lg = 1G.

Lg Lg−1 , Lg . !
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( ) U ⊂ G e ∈ G .

g ∈ G, g · U,U · g ⊂ G g ∈ G .

τ G e ∈ U ∈ τ Lg , g ∈ g ·U =

Lg(U) ∈ τ.!

, O(n), U(n), GLn(R) C∞

.!

2: G K ⊂ G e ∈ G

K G .

(1) K ;

(2) g ∈ G , g ·K · g−1 ⊂ K.

G µ ν K

µ : K ×K → G×G
µ→G.

ν : K → G
ν→G.

K , e ∈ K,µ(e× e) = e, ν(e) = e,

µ(K ×K) ⊆ K; ν(K) ⊆ K.

K G .

, g ∈ G,

Tg : K → G, Tg(k) = gkg−1, k ∈ K,

K e ∈ K, Tg(e) = e,

Tg(K) = g ·K · g−1 ⊆ K.

K G . !

3 G , U ∈ G e ∈ G

〈U〉 = U .

G = 〈U〉.

H = 〈U〉. H ⊆ G . h ∈ H,

h ∈ Lh(U) = h · U ⊂ H,

Lh(U) , H .
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G − H G g ∈ G − H ,

g ∈ Lg(U) = g · U. Lg(U) ∩H += φ,

x = g · h ∈ H, h ∈ H.

g = x · h−1 ∈ H , g ∈ G−H .

Lg(U) ∩H = φ ⇔ Lg(U) ⊂ G−H ⇔ G−H . !

1: n U(n) T2 .

U(n) Mn(C) . Jordan

A ∈ U(n), P ∈ U(n),

A = P





eiθ1 0
. . .

0 eiθn



P
τ

!

2. f : O(n)×T (n) → GLn(R), f(A,C) = A ·C
.

f , Gram-Schmidt .

3. O+(n) ⊂ O(n) n .

GL+(n;R ⊂ GL(n;R n .!

4. .

S1 n T n := S1 × · · ·× S1

n .

5. Abel R Z.

6. S1 Abel

Zn.



3

3.1

DNA

1.1.

1.2. ( )

1.3. .

3.1.1

X,Y . f, g : X → Y.

, f : g, H : X × I → Y ,

H |X × 0 = f, H |X × 1 = g : X → Y.

, H f g , f : g f :H g. !

f :H g : X → Y .

1 Ht = H |X × {t} : X → Y, t ∈ [0, 1]. , f

Ht, g.
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2 X x ∈ X, , H x x× I

Y f(x) g(x) ; x ∈ X

.

X,Y , C(X,Y ) f : X → Y .

1 C(X,Y ) , : .

. f, g, h ∈ C(X,Y )

1) f : f : H : X × I → Y H(x, t) = f(x). f :H f.

2) f :H g, G : X × I → Y G(x, t) = H(x, 1 − t).

g :G f.

3) f :H1 g, g :H2 h, H : X × I → Y

H(x, t) =






H1(x, 2t), t ∈
[
0,

1

2

]
.

H2(x, 2t− 1), t ∈
[
1

2
, 1

]
.

H1(x, 1) = H2(x, 0) = g, , H , f :H h. !

C(X,Y ) :

π : C(X,Y ) → [X,Y ] := C(X,Y )/ : .

1) f ∈ C(X,Y ), [f ] = π(f) ∈ [X,Y ]. f .

2) [X,Y ] X Y . !

X, Y, Z,

C(X,Y )× C(Y, Z) → C(X,Z), (f, g) → g ◦ f.

2: f : f ′ : X → Y, g : g′ : Y → Z,

g ◦ f : g′ ◦ f ′ : X → Z.

[X,Y ]× [Y, Z] → [X,Z], ([f ], [g]) → [g ◦ f ].

: f :H f ′, g :G g′. g ◦ f : g′ ◦ f ′.

X × I
H→Y

g→Z.

g ◦ f :g◦H g ◦ f ′.

X × I
f ′×id→ Y × I

G→Z.

g ◦ f ′ :G◦f ′×id g′ ◦ f ′.

g ◦ f : g ◦ f ′ : g′ ◦ f ′. !
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3.1.2

f, g ∈ C(X,Y ), f : g? ( [f ] = [g]?)

A ⊂ X f : A → Y

A

i ↓ ↘ f

X
F?
$$% Y

X × {0} ,X × {1}
i ↓ ↘ f , g

X × [0, 1]
H?
$$% Y

3 Y ⊆ Rn , f, g ∈ C(X,Y ),

f : g.

f ∈ C(X,Y )

Y , x ∈ X , f(x), g(x) ∈ Y

lx : (1− t)f(x) + tgx, t ∈ [0, 1]

Y.

H : X × I → Y

H(x, t) = (1− t)f(x) + tg(x).

f :H g. !

Y Rn y0 ∈ Y .

[X,Y ] = [y0], y0 : X → Y y0 .
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4 f, g ∈ C(X,Sn)

f(x) += −g(x), ∀x ∈ X,

( g(x) f(x) ), f : g.

f(x) += −g(x), ∀x ∈ X ,

H : X × I → Sn, H(x, t) =
(1− t)f(x) + tg(x)

|(1− t)f(x) + tg(x)|

. f :H g. (1 − t)f(x) + tg(x) = 0 ⇔ t =
1

2
, f(x) =

−g(x).

3.1.3 ( )

X,Y .

g ◦ f : idX : X → X, f ◦ g : idY : Y → Y ,

1) X Y , X : Y ; ( X Y

[X ] = [Y ]);

2) f X Y , g f . !

1 X Y X ∼= Y X : Y.!

2: , X : Y .

. X : Y .

X : Y, Y : Z

g ◦ f : idX , f ◦ g : idY ; g′ ◦ f ′ : idY , f ′ ◦ g′ : idZ .

F = f ′ ◦ f : X → Z; G = g ◦ g′ : Z → X.
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2

[G ◦ F ] = [g ◦ g′ ◦ f ′ ◦ f ] = [g ◦ idY ◦ f ]

= [g ◦ f ] = [idX ]

, [F ◦G] = [idZ ]. !

A ⊂ X f, g : X → Y,

f | A = g | A : A → Y. f g H : X × I → Y,

H | A× t = f | A = g | A, t ∈ I

f g A f :H g (rel.A).!

A ⊂ X iA : A → X .

r : X → A r ◦ iA = idA, A X

, r X A .

A
iA→
←−
r

X

1) iA ◦ r : idX , A X ;

2) iA ◦ r : idX rel(A), A X .!

3: A ⊂ X , iA : A → X r : X →
A . !

1( 3 .

A ⊂ X A X A

X

A

iA &
id
↘

X
r?
$$% A

,

X × {0} ,X × {1}

i &
idX)r
↘

X × I
H?
$$% X

A ⊂ X A : X.

1) c0 ∈ Ω, Ω Rn ;

2) X × {t} ⊂ X × I, t ∈ I

3) Sn−1 ⊂ Rn − {0};

4) Sn−1 ⊂ Dn − {0}( Sn−1 ⊂ Dn −Dn

(
1

2

)
);
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Dn

(
1

2

)
Rn 1

2
.

5 8 .!

. f : X → Y ,

π : X × I , Y → Mf :=
X × I , Y

(x, 0) ∼ f(x)
.

Mf f . π Y , Y Mf

,

iY = π|Y : Y → Mf .

5 f : X → Y , Y ⊂ Mf .

:

X × I , Y

π ↓ ↘ F = f ◦ p , idY

Mf
r

$$% Y

,

p : X × I → X, p(x, t) = x . z ∼ z′ ⇒ F (z) = F (z′),

r : Mf → Y, .

, H : Mf × I → Mf

H(z, t) =

{
π(x, ts), z = π(x, s), (x, s) ∈ X × I

y z = π(y), y ∈ Y.

H idMf
: iY ◦ r (rel(Y )). !

f : Sn−1 → A, f A n

Dn(
1

2
) = {x ∈

◦
D n ⊂ A ∪f Dn, |x|2 "

1

2
}.
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5

A ∪f Dn −
◦
D n

(
1

2

)
= Mf : A.

6 A ⊂ A ∪f Dn −
◦
D n

(
1

2

)
.

1 f : X → Sn , f .!

2. f : Sn → Sn , f(x) = −x . !

3. Mf f : X → Y i : Y → Mf

g : W → Mf , g′ : W → Y , g : i ◦ g′.!

4. A ⊂ X

A. c0 ∈ Ω, Ω Rn ;

c0 ∈ Ω , r : Ω → A = {c0} . H : Ω×I → Ω

H(x, t) = (1− t)x + tc0, x ∈ Ω.

i) H |t=0 = idΩ : Ω → Ω

ii) H |t=1 = idc0 : c0 → c0

iii) t ∈ I, H(c0, t) = c0.

idΩ : ic0 ◦ r rel{c0}.

B. X × {0} ⊂ X × I;

X × {0} ⊂ X × I, r : X × I → X × {0} r(x, t) = (x, 0).

H : (X × I)× I → X × I H(x, t; s) = (x, ts).

i) H |s=1 = idX×I ; H |s=0 = iX×0 ◦ r;
ii) x ∈ X , H(x, 0, s) = (x, 0).

idX×I : iX ◦ r rel(X × 0).

C. Sn−1 ⊂ Rn − {0};
Sn−1 ⊂ Rn−{0}, r : Rn−{0} → Sn−1 r(x) = x/‖x‖.

H : (Rn − {0}× I) → Rn \ {0}

H(x, t) = (1− t) · x+ t · r(x),

idX×I : iSn−1 ◦ r rel(Sn−1).
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D. Sn−1 ⊂ Dn − {0}( Sn−1 ⊂ Dn −Dn

(
1

2

)
.) Dn

(
1

2

)
Rn

1

2
. !

5 2 nT 2 nRP 2 ,

◦
D 2 ⊂ nT 2,

◦
D 2 ⊂ nRP 2.

nT 2 −
◦
D 2 : ∨

2n
S1, nRP 2 −D2 : ∨

n
S1.

[nT 2 −
◦
D 2] = [∨

2n
S1], [nRP 2 −D2] = [∨

n
S1].!

6 n RPn ,
◦
D n ⊂ RPn .

RPn −
◦
D n : RPn−1.!

4 5 6.

nT 2 = (∨
2n

S1) ∪fn D2; nRP 2 = (∨
n
S1) ∪gn D2, RPn = RPn−1 ∪νn−1 D

n.!

fn = Π
1!i!n

aibia
−1
i b−1i : S1 → ∨

2n
S1; gn = Π

1!i!n
aiai : S1 → ∨

n
S1,

.

3.2

x0 ∈ X X

π1(X,x0), X f :

X → Y f∗ : π1(X,x0) → π1(Y, y0) f

(A) [X ] = [Y ] π1(X,x0) = π1(Y, y0)

(B) f : g : X → Y f∗ = g∗ : π1(X,x0) → π1(Y, y0) .

2.1 ;

2.2 ;

2.3 .
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3.2.1

I = [0, 1] ∂I = {0, 1}. X

x0 ∈ X . α : I → X X x0

α(∂I) = x0.

X α,β : I → X α : β rel(∂I),

H : I × I → X,

H | I × {0} = α; H | I × {1} = β; H(∂I × I) = x0.

α,β α β

1 Ω(X,x0) X x0

Ω(X,x0) := {α ∈ C(I,X), α(∂I) = x0}.

: Ω(X,x0) .

: C(I,X) .!

1

[] : Ω(x, x0) → π1(X,x0) := Ω(X,x0)/ :, α → [α],

[α] α , π1(X,x0) X x0

. !

(A) · : Ω(X,x0)× Ω(X,x0) → Ω(X,x0), (α,β) → α · β

α · β(s) =






α(2s), s ∈
[
0,

1

2

]
.

β(2s− 1), s ∈
[
1

2
, 1

]
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(B) −1 : Ω(X,x0) → Ω(X,x0), α → α−1,

α−1(s) := α(1− s), s ∈ [0, 1].

2. α : α′ rel(∂I), β : β′ rel(∂I),

1 α · β : α′ · β′ rel(∂I); 2) α−1 : α′−1 rel(∂I).

α:
H
α′, β:

G
β′, rel(∂I). Hi : I × I → X, i = 1, 2,

H1(s, t) =






H(2s, t), s ∈
[
0,

1

2

]

G(2s− 1, t), s ∈
[
1

2
, 1

]

H2(s, t) = H(1− s, t)

α · β :H1 α′ · β′ rel(∂I); α−1 :H2 α′−1 rel(∂I). !

2

µ : π1(X,x0)× π1(X,×x0) → π1(X,x0), µ([α], [β])) := [α · β].

ν : π1(X,x0) → π1(X,x0), ν[α] := [α−1].

e ∈ π1(X,x0) c : I → x0 ∈ X [c].

1 π1(X,x0) µ , ν , e ∈ π1(X,x0) .

, π1(X,x0) γ ν

α,β, γ ∈ Ω(X,x0),

1) [α] · ([β] · [γ]) = ([α] · [β]) · [γ];
2) [α] · [α−1] = [α−1] · [α] = e;
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3) [α] · e = e · [α] = [α].

1) α · (β · γ) :
H1

(α · β) · γ

2) α · α−1 :
H2

α−1 · α : c.

3) α · c :
H3

c · α : α.

H1, H2, H3 , t ∈ I

H1(s, t) =






α

(
4s

2− t

)
, s ∈

[
0,

1

2
− 1

4
t

]

β(4s+ t− 2), s ∈
[
1

2
− 1

4
t,
3

4
− 1

4
t

]
.

ν

(
4s+ t− 3

1 + t

)
, s ∈

[
3

4
−

1

4
t, 1

]
.

H2(s, t) =






α(2s), s ∈
[
0,

1− t

2

]

α(1 − t), s ∈
[
1− t

2
,
1 + t

2

]

α(2 − 2s), s ∈
[
1 + t

2
, 1

]
.

H3(s, t) =






α

(
2s

1 + t

)
, s ∈

[
0,

1 + t

2

]
,

x0, s ∈
[
1 + t

2
, 1

]

, Hi, i = 1, 2, 3, ,

3.2.2

X x0, x1 ∈ X ,

π1(X,x0) π1(X,x1) ?

X0 = X x0 . i : X0 → X

1− 1 Ω(X0, x0) → Ω(X,x0), :.
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3. i : X0 → X π1(X0, x0) = π1(X,x0).!

X γ, σ : I → X, γ(1) = σ(0)

γ · σ : I → X

γ · σ(s) =






γ(2s), s ∈
[
0,

1

2

]

σ(2s− 1), s ∈
[
1

2
, 1

]
.

1

4( 1) X γ,σ, δ : I → X, γ(1) =

σ(0), σ(1) = δ(0).

1) γ · (σ · δ) : (γ · σ) · δ rel(∂I).

2) γ · γ−1 : γ(0) rel(∂I), γ−1 · γ : γ(1) rel(∂I).

3) γ : γ′ rel(∂I), σ : σ′ rel(∂I),

γ · σ : γ′ · σ′ rel(∂I).!

2. X x0, x1 ∈ X. π1(X,x0) π1(X,x1) .

: X , x0 x1

γ : I → X, γ(0) = x0; γ(1) = x1.

f

Ω(X,x0) →
←−

Ω(X,x1)

g

f(α) = γ−1 · α · γ, α ∈ Ω(X,x0).

g(β) = γ · β · γ−1, β ∈ Ω(X,x1).

3

1) f g :, f g

f
→

π1(X,x0) π1(X,x1)
←
g
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2) f g ,

f([α] · [β]) = f([α · β])

= [γ−1 · α · β · γ]

= [γ−1 · α · γ · γ−1 · β · γ]

= [γ−1 · α · γ] · [γ−1 · β · γ]

= f [α] · f [β].

3) f g

g ◦ f = idπ1(x,x0); f ◦ g = idπ1(X,x1).

f g

g · f [α] = g[γ−1 ◦ α ◦ γ]

= [γ · γ−1 · α · γ · γ−1] = [c · α · c]

= [α].!

.

3.2.3

(X,x0) , f : X → Y , f(x0) = y0.

f

f : Ω(X,x0) → Ω(Y, y0), f(α) = f ◦ α

1) α:
H
α′ rel∂I, f ◦ α :

f◦H
f ◦ α′ rel∂I.

2) α,β ∈ Ω(X,x0) f(α · β) = f(α) · f(β)
3) f : g, f(α) : g(α).

1), f
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f∗ : π1(X,x0) → π1(Y, y0), f∗[α] = [f ◦ α].

3: f∗ ,

1) f = idX , f∗ = id : π1(X,x0) → π1(X,x0);

2) f : X → Y, g : Y → Z ,

(g ◦ f)∗ = g∗ ◦ f∗ : π1(X,x0) → π1(Z, g ◦ f(x0)).

: α,β ∈ Ω(X,x0)

i) f∗([α] · [β]) = f∗([α · β]) = [f ◦ (α · β)]

= [(f ◦ α) · (f ◦ β)] = [f ◦ α] · [f ◦ β]

= f∗[α] · f∗[β].

ii) idX∗[α] = [idX ◦ α] = [α]

iii) (g ◦ f)∗[α] = [(g ◦ f) ◦ α] = [g ◦ (f ◦ α)] = g∗[f ◦ α] = g∗ ◦ f∗[α].!

1 f : X → Y , f∗ :

π1(X,x0) → π1(Y, f(x0)) .

f∗ : π1(X,x0) → π1(Y, f(x0))

4( ) f :
H
g : X → Y , f∗, g∗

γ : I → Y Y f(x0) g(x0) γ(t) = H(x0, t), γ∗

γ∗[β] = [γ−1 · β · γ] ( 2).

: α ∈ Ω(X,x0),

γ∗ ◦ f∗[α] = [γ−1 · (f ◦ α) · γ]

g∗[α] = [g ◦ α]

G : I × I → Y,
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γ−1 · (f ◦ α) · γ:
G
g ◦ α, rel(∂(I)).

G

G(s, t) =






γ(1− 4s), 0 " s "
1− t

4

H

(
α

(
4s+ t− 1

3t+ 1

)
, t

)
,

1− t

4
" s "

1 + t

2

γ(2s− 1),
1 + t

2
" s " 1.

, G

2( ) f : X → Y ,

f∗ : π1(X,x0) → π1(Y, f(x0))

.

: , f g : Y → X ,

g ◦ f :
G
idX , f ◦ g:

H
idY .

4,

π1(X,x0)
id∗→
∼=

π1(X,x0)

↘
g∗◦f∗

∼=↓ γ∗

π1(X, g ◦ f(x0))

;

π1(Y, f(x0))
id∗→
∼=

π1(Y, f(x0))

↘
f∗◦g∗

∼=↓ γ∗

π1(Y, f ◦ g ◦ f(x0))

γ∗ γ∗ X Y γ(t) = G(x0, t) : I → X γ(t) =

H(f(x0), t) : I → Y .

(f ◦ g)∗ = f∗ ◦ g∗, (g ◦ f)∗ = g∗ ◦ f∗ , f∗ . !
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3. A ⊂ X , i : A → X

i∗ : π1(A, a) → π1(X, a), a ∈ A.

1: A ⊂ X a ∈ A.

1 iA : A → X iA∗ : π1(A, a) → π1(X, a);

2 r : X → A. r∗ : π1(X, a) → π1(A, a).!

2: X = {p} . π1(X,x0) = 0 .

3: A = {a} ⊂ X . a X , X

.

1 X , π1(X, a) .

2 :

X = ; Sn − {p}; ; .

4: f : X → Y g : X → y0 ∈ Y .

f∗ : π1(X,x0) → π1(Y, f(x0)) .

5. F : D2 → S1. f = F |∂D2 : S1 → S1. f∗

.

G : S1 × I → D2 =
S1 × I

S1 × 0
. f :

F◦G
c, c : S1 → F (0) ∈

S1 .

6: π1(S1, 1):

X = Mobius D2 − {0}, R2 − {0}, S1 × I.

6: 0 ∈ Dn f : Sn−1 → A π : Dn ,A → A ∪f Dn .

i = π | A : A → A ∪f Dn − π(0) .

7: ∨
n
S1 n x0 ∈ ∨

n
S1 .

1) π1(n · T 2 − {p}, x0) = π1(∨
2n
S1, x0), p ∈ n · T 2;

2) π1(m · RP 2 − {p}, x0) = π1(∨
n
S1, x0). p ∈ (m · RP 2.

8: X γ,σ, δ : I → X, γ(1) = σ(0), σ(1) =

δ(0).

1) γ · (σ · δ) : (γ · σ) · δ rel(∂I).

2) γ · γ−1 : γ(0) rel(∂I), γ−1 · γ : γ(1) rel(∂I).

3) γ : γ′ rel(∂I), σ : σ′ rel(∂I),

γ · σ : γ′ · σ′ rel(∂I).!
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3.3

T2 .

,

1 X , π1(X,x0) =?

2 f : X → Y , f∗ : π1(X,x0) →
π1(Y, f(x0))?

,

1) ( )

2) Van Kampen ( )

3.1. .

3.2.

3.3. π1(S1, 1) = Z

3.4. .

3.3.1

π : X̃ → X , x ∈ X ,

x ∈ U ⊂ X ,

1) π−1(U) =
∐
α∈Λ

Vα ⊂ X̃

2) α ∈ Λ, π|Vα : Vα → U .

. π : X̃ → X . λ : X → Z ∪ {∞}
λ(x) = |π−1(x)|. λ , π .

λ : X → Z , X .!

1. π : R → S1, π(t) = e2πit

∞, !

2. π : R2 → T 2(= S1 × S1), π(s, t) = (e2πis, e2πit)

∞, !

3. Hopf γn : Sn → RPn . 2, !

4. X S1 ∨ S1. X
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2, 3, 4 .!

π : X̃ → X X̃ X

x0 ∈ X π−1(x0) ⊂ X̃ x0

.

3.3.2

π : (X̃, x̃0) → (X,x0) x0 ∈ X

x̃0 ∈ π−1(x0) ⊂ X̃.

.

1( ) X x0 α : I →
X, α(0) = x0, α̃ : I → X̃,

1 α̃(0) = x̃0;

2 α = π ◦ α̃

. π : X̃ → X t ∈ I, α(t) ∈ X

U(t) ⊂ X ,

1) π−1(U(t)) =
⊔

α∈Λ
Vα(t);

2) π|Vα(t) : Vα(t) ∼= U(t).

I = [0, 1] . Lebesgue ,

{α−1(U(t)), t ∈ I},

0 = t0 < t1 < · · · < tm = 1,
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α[ti, ti+1] ⊂ U(ti).

α(ti) ∈ U(ti−1) ∩ U(ti), 0 < i < m.

X̃ α̃ : I → X̃

α̃(t) =






(π|Vα0 (t0))
−1α(t), t ∈ [0, t1].

(π|Vα1 (t1))
−1α(t), t ∈ [t1, t2]

...

(π|Vαm−1 (tm−1))
−1α(t), t ∈ [tm−1, 1].

Vα0(t0) ⊂ π−1(U(t0)) =
⊔

α∈Λ
Vα(t0) x̃0 ;

Vα1(t1) ⊂ π−1(U(t1)) =
⊔

α∈Λ
Vα(t1) α̃(t1) .

...

Vαm−1(tm−1) ⊂ π−1(U(tm−1)) α̃(tm−1) .

, α̃ ,

π ◦ α̃ = α, α̃(0) = x̃0. !

1

2( ) X F : I × I → X, F (0, t) = x0,

F̃ : I × I → X̃,

1) F̃ (0, t) = x̃0

2 π ◦ F̃ = F.

: π : X̃ → X z ∈ I × I, F (z) ∈ X

U(z) ⊂ X ,

1) π−1(U(z)) =
⊔

α∈Λ
Vα(z);

2) π|Vα(z) : Vα(z) ∼= U(z).

Lebesgue , I × I = [0, 1]× [0, 1] :
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I × I = ∪
1!j!m

Ij :

Iks+1 Iks+2 · · · Iks+s

...
...

...
...

Is+1 Is+2 · · · I2s

I1 I2 · · · Is

F (I × I) ⊂ X {U(j) ⊂ X, 1 " j " m},
1) F (Ij) ⊂ U(j);

2) U(j) ,

π−1(U(j)) = ,α∈ΛVα(j); π|Vα(j) : Vα(j) ∼= U(j).

F̃ : I × I → X̃

F̃ (z) =






(π|Vα1(1))
−1F (z), z ∈ I1

...

(π|Vαm(m))−1F (z), z ∈ Im.

1) Vα1(1) ⊂ π−1(U(1)) = ,α∈ΛVα(1) , x̃0 ∈ Vα1(1);

2) Vαj (j) ⊂ π−1(U(j)) = ,α∈ΛVα(j) ,

F̃ (I∂j ) ⊂ Vαj (j).

I∂j Ij F̃ F̃ I1, · · · , Ij−1
. , F̃

1), 2).!

: 1 X̃ α̃ X α

2 X̃ F̃ X F .!

3.3.3 π1(S1, 1)

S1 = {z ∈ C, z · z = 1}

π : R → S1,π(t) = e2π·i·t,

π−1(1) = Z ⊂ R. x0 = 1 ∈ S1; x̃0 = 0 ∈ R.

π1(S1, 1).

k, S1

αk : I → S1, αk(t) = e2π·i·kt.
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1) αk(0) = αk(1) = 1 ∈ S1), αk ∈ Ω(S1, 1),

[αk] ∈ π1(S1, 1)

2) π : (R, 0) → (S1, 0), π(t) = e2π·i·t, αk

R α̃k(t) = k·t, t ∈ [0, 1], α̃k(0) = 0, α̃k(1) = k.

(R, 0)

π(t)=e2πit

!!
(I, 0)

α̃k(t)=kt
$$
"""""

""""

αk(t)=e2π·i·kt

## (S1, 1)

R β : I → R, β(0) = 0, β(1) = k,

α̃k :H β, rel(∂I).

R

H : I × I → R, H(s, t) = (1− t) · α̃k(s) + t · β(s).!

3. ϕ : Z → π1(S1, 1), ϕ(k) = [αk], .

.

A. ϕ α : (I, 0) → (S1, 1),

α̃ : (I, 0) → (R, 0). α̃(1) ∈ π−1(1) = Z,

k ∈ Z, α̃(1) = k. α̃k : α, rel(∂I).

[α] = [π ◦ α̃] = [π ◦ α̃k] = [αk] = ϕ(k).

B. ϕ ϕ(k) = ϕ(l), αk :
F
αl, rel{∂I}.

α̃k :̃
F
α̃l, rel{∂I}.

π ◦ F̃ (1, t) = F (1, t) = 1 ∈ S1, F̃ (1, t) ∈ π−1(1) = Z .

k = α̃k(1) = F̃ (1, 0) = F̃ (1, 1) = α̃l(1) = l.

C. ϕ k, l ∈ Z,

ϕ(k + l) = [αk+l] = [αk · αl] = [αk] + [αl] = ϕ(k) + ϕ(l).!

π1(S1, 1) [αn] = n · [α1].

π1(S
1, 1) = {k · [α1], k ∈ Z} = Z,

[α1].
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: f : S1 → S1, (: id),

f(1) = 1 ∈ S1. k ∈ Z,

f∗ : π1(S
1, 1) = Z → π1(S

1, 1) = Z.

f∗[α1] = k · [α1]. k f , deg(f) := k. !

1. : f : g : S1 → S1, deg(f) = deg(g).

2. B(a) ⊂ R2 a > 0 . F : B(a) → S1.

f = F |∂B(a) : S1 → S1. deg(f) := 0.

99 5.

3. S1 = {z ∈ C, z · z = 1}. fn : S1 → S1 fn(z) = zn.

deg(fn) = n.

fn ◦ α1 = αn.!

4. f : S1 → S1 , f(−z) = −f(z), z ∈ S1.

f deg(f) = .

f , S1 f ◦ α1 : (I, 0) → (S1, f(1))

f ◦ α1(s+
1

2
) = −f ◦ α1(s), s ∈

[
0,

1

2

]
.

, k,

f̃ · α1

(
s+

1

2

)
= f̃ · α1(s) +

k

2
, s ∈

[
0,

1

2

]
.

f̃ · α1 f ◦α1 . s = 0,
1

2
, f̃ · α1(1) = k.

deg(f) = k.

3.3.4 π1(S1, 1) = Z

1 Brouwer f : D2 → D2, f(x) =

x, x ∈ D2 .

, x ∈ D2, f(x) += x. r : D2 →
S1

r(x) =
−−−→
f(x)x S1 = ∂D2 .
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i : S1 ↪→ D2 . r r ◦ i = idS1 : S1 → S1. ,

π1(S
1, 1)

i∗→π1(D2, 1)
r∗→π1(S1, 1)

π1(S1, 1) = Z . π1(D2, 1) = 0 . !

2 Borsuk-Ulam . f : S2 → R2, f(x) =

f(−x), x ∈ S2 .

. x ∈ S2 , f(x) += f(−x). f

F : S2 → S1, F (x) =
f(x)− f(−x)

|f(x)− f(−x)|
∈ S1 = ∂D2 ⊆ R2.

S2
+
∼= D2 S1 = ∂S2

+ .

G = F |S2
+ : S2

+ → S1, g = F |S1 : S1 → S1.

i) g = G|S1 : S1 → S1 , deg(g) = 0 ( 1

ii) ∀x ∈ S1, g(−x) = −g(x), g . 2 deg(g) =

+= 0.

i ii .!

3 .

p(z) = zm + a1z
m−1 + · · ·+ am−1z + am

.

D(r) r

F : D(r) → S1, F (z) =
p(z)

|p(z)|
.

1 r > 0, deg(∂F ) = 0.

pt(z) = zm + t(a1z
m−1 + · · ·+ am−1z + am), t ∈ [0, 1].

|z| = r r > max{1, |an−1|+ · · ·+ |a0|},

z → pt(z)

zm
= 1 + t(

a1
z

+
a2
z2

+ · · ·+ am
zm

), t ∈ [0, 1],

.

H : ∂D(r)× [0, 1] → S1, H(z, t) =
pt(z)

|pt(z)|
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, ∂D(r) ∼= S1.

H1 = ∂F : H0 : ∂D(r) → S1, z → (
z

r
)m.

0 = deg(∂F ) = deg(∂H1) = deg(∂H0) = m > 0.!

A: X f : X → X

Fixf = {x ∈ X, f(x) = x}.

1 f , Fix(f) = φ?

2 |Fix(f)| =?

1925 , Lefschetz Brouwer f :

X → X, Lefschetz .

1929 , Schauder Leray Brouwer Hilbert

f : X → X, Leray-Schauder .

.

B: 1990 Borsuk-Ulam Theorem

The Borsuk-Ulam Theorem: An uninversal Principle for Physical and Biological

System.

C: Euler Lagrange ,

. Gauss 1820 5 . Serre ,

π1(S1, 1) = Z .

5. D ⊂ R2 , f : D → D , ∂D = S1 .

f .

6. f : S1 → S1 , f f(x) = x, x ∈ S1.!

7. A ⊂ X . r : X → A:

1) X = R3, A ∼= S1;

2) X = D2 × S1;A = ∂X ;

3) X = S2, A S2 .!

8. A = (aij)3×3, aij > 0 .

A : R3 → R3, x → A · x.
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A λ > 0, .

E = R3 (∼= D2). A

fA : E → E, fA(v) =
Av

|Av|
.

9. S2 = A1 ∪ A2 ∪A3, Ai ⊂ S2 . x ∈ S2,

±x ∈ Ai (i = 1 2 3).

i = 1, 2, di : S2 → R di(x) = d(x,Ai).

f : S2 → R2, f(x) = (d1(x), d2(x)).

Borsuk-Ulam , x0 ∈ S2

d1(x0) = d1(−x0); d2(x0) = d2(−x0), !

1) d1(x0) = d1(−x0) = 0 d2(x0) = d2(−x0) = 0 ±x0 ∈ A1 (

±x0 ∈ A2

2) d1(x0) = d1(−x0) += 0 d2(x0) = d2(−x0) += 0 ±x0 /∈ A1, A2,

±x0 ∈ A3.

10. Ai ⊆ R3 , i = 1, 2, 3. L ⊂ R3,

Ai . !

11. R2
+ R2 .

M , ∂M
◦
M ∂M ∩

◦
M = φ.

π1(R2
+ − {0}, 1) = 0, π1(R2 − {p}, q) = Z, p += q. (

Armstrong 5.23).

12. f : M → N , f(∂(M)) = ∂(N).

S1 × I .

3.4 Van Kampen

(X,x0), π1(X,x0) =?

4.1. ;

4.2. Van Kampen

4.3. .
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3.4.1

.

.

. .

.

: n X = {t1, · · · , tn}.

F (X) := F (t1, · · · , tn)

1) , F (X) t1, · · · , tn :

F (X) = {1, xr1
1 · · ·xrm

m | xi ∈ X, ri ∈ Z− 0, xi += xi+1}.

x0
i = 1, xri

i · xr2
i = xr1+r2

i , xi += xi+1, ri += 0, .

x−31 x2
1x

5
2x
−5
2 x7

1x
2
3 = x6

1x
2
3.

.

2) F (X) · : F (X)× F (X) → F (X)

xr(I)
I · xr(J)

J = xr(I)
I xr(J)

J ,

xri
i · xr2

i = xr1+r2
i , x0

i = 1

3) F (X) −1 : F (X) → F (X)

(xr1
1 · · ·xrm

m )−1 = x−rmm · · ·x−r11 .

4) 1 ∈ F (X).

X n F (X) .

1 1 F (t) = {1, tr, r ∈ Z− 0}.!

: F (X), R = {r1, · · · , rm ∈ F (X)}.
R F (X) [R] g ·r ·g−1, g ∈ F (X), r ∈

R .

F (X) F (X)/[R],

F (X)/[R] := 〈t1, · · · , tn| r1, · · · , rm〉,

t1, · · · , tn , r1, · · · , rm .!
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G , g1, · · · , gn ∈ G.

h : F (t1, · · · , tn) → G, h(ti) = gi, 1 " i " n,

i h

ii kerh ⊂ F (t1, · · · , tn)
iii h

F (t1, · · · , tn)/kerh ∼= G.

R ⊂ F (t1, · · · , tn), [R] = kerh, G

. :

G = 〈t1, · · · , tn| R〉.

, ,

1: A Abel . A .

Abel ,

A = Z⊕ · · ·⊕ Z︸ ︷︷ ︸
n

⊕Zp1 ⊕ · · ·⊕ Zpm

{t1, · · · , tn+m} ,

R = {titjt−1i t−1j , tpk

n+k| 1 " i, j " n+m, 1 " k " m}.

A = 〈t1, · · · , tn+m| R〉.

2: Ωn n . Dihedral

Group :

Dn = ISO(Ωn) = {σ : Ωn → Ωn, d(σ(x),σ(x)) = d(x, y), x, y ∈ Ωn.}

θ ∈ Dn 2π/n τ ∈ Dn

Dn = 〈θ, τ | θn, τ2, θ · τ · θ · τ〉.

1770 .

1830 .

.
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3:( 1). Sn n , Sn ,

.

G1 = 〈X1| R1〉, G2 = 〈X2| R2〉.

G1 ∗G2 = 〈X1 ,X2| R1 ,R2〉.

hi : Gi → H, i = 1, 2,

h := h1 ∗ h2 : G1 ∗G2 → H, h(g1 ∗ g2) = h1(g1) · h2(g2).!

2. F (t1, · · · , tn) = F (t1) ∗ · · · ∗ F (tn).

3. G1 ∗G2 g

g = a1 · b1 · · · · · am · bm, ai ∈ G1, bi ∈ G2,

a1 = e1 ∈ G1, bm = e2 ∈ G2, ei ∈ Gi .!

3.4.2 Van Kampen :

X = A ∪B A,B,A ∩B ⊂ X

. x0 ∈ A ∩B,

A
jA
↗

iA
↘

A ∩B
iA∩B→ X = A ∪B

↘
jB

↗
iB

B

iA∩B = iA ◦ jA = iB ◦ jB : A ∩B → X.

π1(A, x0)
jA∗

↗
iA∗

↘
π1(A ∩B, x0)

iA∩B∗→ π1(X,x0)

↘
jB∗

↗
iB∗

π1(B, x0)

iA∩B∗ = iA∗ ◦ jA∗ = iB∗ ◦ jB∗ : π1(A ∩B, x0) → π1(X,x0).
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1 Van Kampen : iA∗ iB∗

h = iA∗ ∗ iB∗ : π1(A, x0) ∗ π1(B, x0) → π1(X,x0),

Ker(h) = [jA∗(ω) ∗ jB∗(ω)−1 ∈ π1(A, x0) ∗ π1(B, x0), ω ∈ π1(A ∩B, x0)].

π1(X,x0) = π1(A, x0) ∗ π1(B, x0)/Ker(h).

:

A. h Im(h) = π1(X,x0);

B. Ker(h) = [jA∗(ω) ∗ jB∗(ω)−1 ∈ π1(A) ∗ π1(B), ω ∈ π1(A ∩B)].

A X

α : I → X, α(∂I) = x0 ([α] ∈ π1(X,x0)),

{α−1(A),α−1(B)} I = [0, 1] .

t0 = 0 < t1 < · · · < t2k = 1,

α[ti, ti+1] ⊂ A B. , α

α = α1 · α2 · · · · · α2k, αi = α | [ti−1, ti],

α2k−1 ⊂ A, α2k ⊂ B. α(ti) ∈ A ∩B.

A∩B x0 ∈ A∩B, A∩B γi : I → A∩B

γi(0) = α(ti), γ1(1) = x0.
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X

α : (α1 · γ1) · (γ−11 α2γ2) · (γ−12 α3γ3) · · · (γ−12k−1α2k) rel(∂I)

= a1 · b1 · a2 · b2 · · ·ak · bk

[ai] ∈ π1(A, x0); [bi] ∈ π1(B, x0). , h = iA∗ ∗ iB∗

h([a1] ∗ [b1] ∗ [a2] ∗ [b2] ∗ · · · ∗ [ak] ∗ [bk]) = [α].

[a1] ∗ [b1] ∗ [a2] ∗ [b2] ∗ · · · ∈ π1(A) ∗ π1(B), h .

B : ω ∈ π1(A ∩B, x0),

h(jA∗(ω) ∗ jB(ω)−1) = (iA ◦ jA)∗(ω) ∗ (iB ◦ jB)∗(ω)−1

= (iA∩B)∗(ω) ∗ (iA∩B)∗(ω)−1 = e

jA∗(ω) ∗ jB∗(ω)−1 ∈ kerh, ω ∈ π1(A ∩B, x0) ⇒ [R] ⊆ Kerh.

,

[α1] ∗ [β1] ∗ [α2] ∗ [β2] ∗ · · · [αk] ∗ [βk] ∈ Kerh, αi ∈ π1(A, x0), βi ∈ π1(B, x0),

[α1] ∗ [β1] ∗ [α2] ∗ [β2] ∗ · · · [αk] ∗ [βk] ∈ [R].

G : I × I → X,

G(I × I ) = x0.

G|∂(I × I) X 4

[σ] = [δ1] · [δ2] · [δ3].

G σ : δ1 · δ2 · δ3 rel(∂I).!
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, H : I × I → X,

α1 · β1 · α2 · β2 · · ·:
H
x0 rel(∂I).

I×I , {H−1(A), H−1(B)} , I×I

I × I =
⋃

1!i!m

Ik

H(Ik) ⊂ A B.

I × I

ci : I → A ∩B H Ii

ωi = [ci] ∈ π1(A ∩B, x0).

ωi jA∗(ωi), jB∗(ωi).

[α1] = ω1; [β1] = ω−11 · ω2; [α2] = ω−12 · ω3; [β2] = ω−13 · ω4; · · ·

[α1] · [β1] · · · [αk] · [βk] = ω1 · ω−11 · ω2 · ω−12 · · · · ωk · ω−1k .

, ωi = jA∗(ωi) = jB∗(ωi)

ωi · ω−1i = jA∗(ωi) · jB∗(ω−1i ) ∈ [R], ωi ∈ π1(A ∩B, x0).

kerh ⊆ [R].!

3.4.3

1. X X : x0 π1(X,x0) = 0;

2. X X : S1 π1(X,x0) = Z

3. X X = A ∪B A,B,A ∩B ⊂ X

,

π1(A, x0) = 〈a1, · · · , an| k1, · · · , kl〉



3.4 Van Kampen · 115 ·

π1(B, x0) = 〈b1, · · · , bm| h1, · · · , hs〉

π(A ∩B, x0) = 〈c1, · · · , ck| r1, · · · , rt〉

R1 = {k1, · · · , kl}; R2 = {h1, · · · , hs}; R3 = {jA∗(ci) · jB∗(ci)−1| 1 " i " k}.

Van Kampen :

π1(X,x0) = 〈a1, · · · , an, b1, · · · , bm|R1 ,R2 ,R3〉.!

.

2 X =
∨
k
S1 k x0 ∈ X

,

π1(X,x0) = F (a1, · · · , ak)

ai : I →
∨
k
S1 i .

k = 1, π1(S1, 1) = Z = F (a). . k = 2, X
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Van Kampen X = A ∪B π1(X,x0) = F (a1) ∗ F (a2) = F (a1, a2).

C1 = S1, C2 =
∨
k−1

S1 ⊂ X, U = x0

x0 k .

A = C1 ∪ U, B = C2 ∪ U.

X = A ∪B, A ∩B = U . Van Kampen .!

3 z ∈ F (a1, · · · , ak), f : S1 → S1
1∨· · ·∨S1

k ,

f∗ : π1(S
1, 1) → π1(S

1
1 ∨ · · · ∨ S1

k, x0) = F (a1, · · · , ak)

f∗[α1] = z, [α1] ∈ π1(S1, 1) .

( ) z = ar1i1 · · ·armim ∈ F (a1, · · · , ak), (is ∈ {1, · · · , k})
A = S1

1 ∨ · · · ∨ S1
k f : (S1, 1) → (A, ∗),

S1 m B = {b1, · · · , bm} S1

m A1 ∪ · · · ∪ Am = S1, f(B) = x0

rs > 0, f |As S1
is ⊂ A rs

rs < 0, f | As S1
is ⊂ A rs .

f . 2 f∗[α1] = z.!

4 X =
∨
k
Snj , nj # 2, π1(X,x0) = 0.

k = 1, X = Sn. A,B ⊂ Sn
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1) A ∼= B ∼=
◦
D n , π1(A, x0) ∗ π1(B, x0) = {e}.

2) A ∩B ∼= Sn−1 × (0, 1) , π1(A ∩B, x0) = π1(Sn−1, x0)

Van Kampen π1(Sn, x0) = 0.

k # 2 C1 = Sn1 , C2 =
∨

2!j!k
Snj ⊂ X, U = x0

k
∨
k
Dnj .

A = C1 ∪ U, B = C2 ∪ U.

X = A ∪B, A ∩B = U. Van Kampen .!

f : Sn−1 → A, n # 2, s0 ∈ Sn−1, a = f(s0) ∈ A.

f A

X = A ∪f Dn =
A ,Dn

x ∈ ∂Dn ∼ f(x) ∈ A
,

f∗ : π1(S
n−1, s0) → π1(A, a), iA∗ : π1(A, a) → π1(X, a).

iA : A → X , ( 3)

π1(S
n−1, s0) =

{
0, n > 2;

Z, n = 2.

2 iA : A → X

iA∗ : π1(A, a) → π1(X, a),

ker iA∗ =

{
0, n # 2;

[f∗[α1]] , n = 2.

: X D(r) = {x ∈
◦
D n, |x| " r < 1},

B1 = X −
◦
D

(
1

4

)
, B2 =

◦
D

(
1

2

)

1) B1 = Mf f r : B1 → A

2) B2
∼= Dn, π1(B2, b) = 0.

3) X = B1 ∪B2

4) B1 ∩B2
∼= Sn−1 × (0, 1), j : Sn−1 → B1 ∩B2, j(z) = (z, 1/2),

.

a′ ∈ B1 ∩B2, r(a′) = a ∈ A.
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1 n > 2, π1(B2, a′) = {e} Van Kampen

π1(X, a′) = π1(B1, a
′) ∗ π1(B2, a

′) = π1(B1, a
′) ∼= π1(A, a).

1 .

2 n = 2, Van Kampen

π1(X, a′) = π1(B1, a
′)/[j∗([α1])],

r ◦ j : f , r : (B1, a′) → (A, a),

π1(B1, a
′)/[j∗([α1])]

r∗→
∼=
π1(A, a)/[f∗([α1])]. !.

2 A = ∨kS1. 2 3

z ∈ F (a1, · · · , ak) = π1(∨kS
1, x0)

f : S1 → ∨kS1 f∗[α1] = z. 2

1: X =
(
∨kS1

)
∪f D2

π1(X, ∗) = 〈a1, · · · , ak| z〉.

, k m z1, · · · , zm ∈ F (a1, · · · , ak),

fi : (S
1, 1) → (∨kS

1, ∗), fi∗[α1] = zi, 1 " i " m

2

X =
(
∨kS

1
)
∪f1 D

2 ∪f2 D
2 ∪ · · · ∪fm D2.

2 : 2 X

π1(X, ∗) = 〈a1, · · · , ak| z1, · · · , zm〉.

, 2 .!
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1 3

n · T 2 = (∨2nS
1) ∪fn D2, n ·RP 2 = (∨nS

1) ∪gn D2,

3:

1) π1(S2, ∗) = 0;

2) π1(nT 2, ∗) = 〈a1, b1, · · · , an, bn| a1 · b1 · a−11 · b−11 · · · an · bn · a−1n · b−1n 〉
3) π1(nRP 2, ∗) = 〈a1, · · · , an| a21 · a22 · · · a2n〉.

4: :

(1) Zp; (2) Zp ⊕ Zq; (3) Zp ∗ Zq.!

5: 4

1) π1(T 2, ∗) = Z⊕ Z

2) π1(RP 2, ∗) = Z2.

6: (A, a) . f : (S0, 1) → (A, a)

1) A ∪f D1 : A ∨ S1

2) π1(A ∨ S1, a) = π1(A, a) ∗ F (t), F (t) t .

7: , .
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3.5

3 p : X̃ → X

, x ∈ X , x ∈ U ⊂ X ,

1) p−1(U) =
∐
α∈Λ

Vα ⊂ X̃

2) α ∈ Λ, p|Vα : Vα → U .

X

( ) p : (X̃, x̃0) → (X,x0)

X π1(X,x0) .

1

2

3

3.5.1

p : (X̃, x̃0) → (X,x0)

T2

1: p : (X̃, x̃0) → (X,x0) p∗ : π1(X̃, x̃0) → π1(X,x0)

1 p∗

2 Imp∗ = {[α] ∈ π1(X,x0), α̃(1) = x̃0} α̃ : (I, 0) → (X̃, x̃0)

α : (I, 0) → (X,x0)

3) Imp∗ ⊂ π1(X,x0) p

[Imp∗ : π1(X,x0)] = |p−1(x0)|.

: 1 [β] ∈ kerp∗, X p ◦ β :F x0 rel(∂I).

F̃ : (I × I; 0× I) → (X̃, x̃0) F : (I × I; 0× I) → (X,x0)
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L = {0}× I , I × {1} , {1}× I ⊂ I × I. L

F (L) = x0 ⇒ F̃ (L) ⊂ p−1(x0) ⇒ F̃ (L) = x̃0.

β :̃
F
x̃0 rel(∂I) ⇔ [β] = 0.

p∗ .

2) . 3).

h : π1(X,x0) → p−1(x0), h([α]) = α̃(1),

α̃ (X̃, x̃0)

↗ ↓ p

(I, 0)
α→ (X,x0)

α̃ α α̃(0) = x̃0 .

a) h [α] = [α′] ∈ π1(X,x0) ⇔ α :F α′rel(∂I),

α̃ :F̃ α̃′rel(∂I). ,

F (1, t) = x0 ⇒ F̃ (1, t) ∈ p−1(x0) ⇒ α̃(1) = F̃ (1, 0) = F̃ (1, t) = F̃ (1, 1) = α̃′(1).

b) h : X̃ , x̃ ∈ p−1(x0), β : I → X̃,

β(0) = x̃0, β(1) = x̃.

α = p ◦ β ∈ Ω(X,x0) ⇒ [α] ∈ π1(X,x0). β α .

h([α]) = β(1) = x̃.

c) h
π1(X,x0)

Imp∗
( ) ↔ p−1(x0) : [α], [β] ∈ π1(X,x0)

h([α]) = h([β]),

α̃(1) = β̃(1) ⇔ [α̃ · β̃−1] ∈ π1(X̃, x̃0) ⇔ [α] · [β−1] ∈ Imp∗.

Imp∗ ⊂ π1(X,x0) p |p−1(x0)|. !

1 k pk : S1 → S1, pk(z) = zk. pk k .

Imp∗ = k · Z ⊂ π1(S1, 1) = Z.

2 1 2 F (a, b) > 2

.

X = = S1 ∨ S1,

π1(X,x0) = F (a, b).
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F (a, b) ,

3, 4, 5

p:X̃ → X Imp∗ ⊆ π1(X,x0) = F (a, b) [Imp∗ : π1(X,x0)]

〈a, b2, ba−1b〉 ⊆ F (a, b) 2

〈a3, b3, ab−1, a−1b〉 ⊂ F (a, b) 3

〈a4, b4, ab, ba, a2b2〉 ⊂ F (a, b) 4

3.5.2

2( ) p : (X̃, x̃0) → (X,x0)

f : (Y, r) → (X,x0).

⇔ p◦f̃ = f f̃(r) = x̃0

f̃ f∗(π1(Y, r)) ⊆ p∗(π1(X̃, x0)).

: p◦ f̃ = f, f∗ = p∗ ◦ f̃∗. Imf∗ = Imp∗.

.

. f̃ : Y → X̃

1) f̃(r) = x̃0;

2) y ∈ Y, γ : I → Y r y (γ(0) =

r, γ(1) = y). f̃ ◦ γ : (I, 0) → (X̃, x̃0) X f ◦ γ : (I, 0) → (X,x0)

.

f̃(y) := f̃ ◦ γ(1).
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p ◦ f̃(y) = f(y). f̃

a) γ′ : (I, 0) → (Y, r) Y r y , Y

γ · γ′−1 ∈ Ω(Y, r)

f∗[γ · γ′−1] = [f ◦ γ · f ◦ γ′−1] ∈ Imp∗

1 2) , f ◦ γ · f ◦ γ′−1

˜f ◦ γ · f ◦ γ′−1 ∈ Ω(X̃, x̃0) ,

y = f̃ ◦ γ = ˜f ◦ γ′−1 = f̃ ◦ γ′ .

b) y ∈ Y f(y) ∈ X U ⊂ X

f̃(y) ∈ X̃ V ⊂ X̃ p | V : V → U . y ∈ f−1(U)

N ⊂ f−1(U),

f̃ | N = (p | V )−1 ◦ f : N → V.

f̃ y .

. !

2

1( ) f : Y → X

.

r ∈ Y f̃1(r) = f̃2(r), f̃1 = f̃2 : Y → X̃.

x0 = f(r), x̃0 = f̃1(r) = f̃2(r).
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y ∈ Y, γ : (I, 0) → (Y, r) r y , f̃1 ◦ γ f̃2 ◦ γ
X f ◦ γ .

f̃1 ◦ γ(t) = f̃2 ◦ γ(t).

t = 1 f̃1(y) = f̃2(y)

2

p = p1 ◦ p2 : X̃2
p2→ X̃1

p1→X,

p, p1 . p2 .

X pi : X̃i → X, i = 1, 2 , p1 ∼= p2,

f : X̃1 → X̃2 p1 = p2 ◦ f :

, p1 = p2 (X̃1 = X̃2), f p(= p1 = p2)

.

2: g : Sn → Sn, g(x) = −x. fk : R → R fk(x) = x + k, k ∈ Z.

g fk

3( ): X pi : (X̃i, x̃i) → (X,x0), i =

1, 2, Hi = pi∗π1(X̃i, x̃i) ⊂ π1(X,x0), i = 1, 2.

1) H1 ⊆ H2, p : X̃1 → X̃2, p1 = p2 ◦ p :
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2) p1 ∼= p2 , H1 H2 π1(X,x0) .

: H1 ⊆ H2, 5.2,

(X̃2, x̃2)
p

↗ p2 ↓
(X̃1, x̃1)

p1→ (X,x0)

p, p(x̃1) = x̃2. p1 = p2 ◦ p p1, p2

2 p .

f : X̃1 → X̃2,

(A)

f(x̃1), x̃2 ∈ p−12 (x0) X̃2 , X̃2 γ : I → X̃2,

γ(0) = x̃2, γ(1) = f(x̃1).

(B) [α] = [p2 ◦ γ] ∈ π1(X,x0)

(C) π1(X̃2, f(x̃1)) = {[γ−1 · β · γ], β ∈ π1(X̃2, x̃2)} ( )

H1 = [α]−1 ·H2 · [α]:

H1 = p1∗π1(X̃1, x̃1) = p2∗π1(X̃2, f(x̃1)) ( (A))
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= {p2∗[γ−1 · β · γ], β ∈ π1(X̃2, x̃2)} ( (C))

= {[α]−1 · [p2∗β] · [α], β ∈ π1(X̃2, x̃2)} ( (B))

= [α]−1 ·H2 · [α]. !

3.5.3

(X,x0),

H ⊆ π1(X,x0), ( )

p : (X̃H , x̃0) → (X,x0)

Imp∗ = H?

X x ∈ X

U ∈ X, π1(U, x) = 0.

4: X , ,

H ⊂ π1(X,x0), p : (XH , x̃0) → (X,x0), Imp∗ = H.

: x0 ∈ X, X x0

P (X,x0) = {α : I → X, α(0) = x0}.

H ⊂ π1(X,x0), P (X,x0) ∼H

α ∼H β ⇔ α(1) = β(1) [α · β−1] ∈ H.

XH = P (X,x0)/ :H [α]H α ∈ P (X,x0)

.

p : XH → X p[α]H = α(1).

p

(A) x ∈ X, p−1(x) ↔ π1(X,x0)/H.

XH [α]H ∈ XH ,

U([α]H) = {[α · β]H ∈ XH , β : I → Vα(1), β(0) = α(1)},

Vα(1) ⊂ X α(1) ∈ X . U([α]H)

, XH . p : XH → X

Imp∗ = H. !

: H = {e} ⊂ π1(X,x0) , 5.4

XH → X X (the universal covering of X).


