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1.1 Ýþ�m�ëYN�Ýþ�m���5nØ, 3/êÆ©Û0¥kXÚ0�. �!�é�Y�§�I�, ���V�£�. Ì�SNkµ

1.1.Ýþ�m9¢~.

1.2.Ýþ�m¥�m8(�48)¶
1.3.Ýþ�m�m�ëYN�.

1.1.1 Ýþ�m^ R L«�N¢ê�8Ü. 3¢ê�\{Ú�{e§§´��ê�. ��8Ü�m�éA f : Y → R §Ǒ¡Ǒ8Ü Y þ���¼ê.½Â:®�8Ü X , ±9�È8Üþ���¼ê
d : X ×X → R, ((x, y) → d(x, y) ∈ R).XJéu¤k x, y, z ∈ X§¼ê d äkeã5�µ

1) �½5µd(x, y) = 0 ⇐⇒ x = y¶
2) é¡5µd(x, y) = d(y, x)¶
3) nÆØ�ªµd(x, z) 6 d(x, y) + d(y, z).K d¡Ǒ8Ü X þ���Ýþ(½ål)¼ê, ¿¡ (X, d)´��Ýþ�m.�íØ1. (Ýþ¼ê��½5) éuÝþ�m (X, d)¥�?¿ü: x, y ∈ X ,þk

d(x, y) > 0,Ù¥�ª¤á�¿�^�´ x = y.y² 3Ýþ¼ê�^� 3) ¥� x = z, Kd^� 1) �
0 6 d(x, y) + d(y, x) = 2d(x, y).âd d(x, y) > 0. �.Ýþ�m´AÛÆ¤'%��aÄ�é�. §kNõLy/ª.~1. î¼�mµ�Ä n �¢�þ�m Rn = {(x1, · · · , xn)|xi ∈ R}. 38Ü

Rn × Rn þ5½éA d : Rn × Rn → R Xeµ
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d(x, y) =

√

Σ(xi − yi)2,Ù¥ x = (x1, · · · , xn), y = (y1, · · · , yn) ∈ Rn. K d ´8Ü Rn þ���Ýþ¼ê, ¤�Ýþ�m (Rn, d) ¡Ǒ n �î¼�m.

1 �î¼�m R1 Ǒ¡Ǒ¢��¶2 �î¼�m R2 Ǒ¡Ǒ¢²¡"y²: éu x, y ∈ Rn, - l Ǒ x, y ü:m��ã.

K d(x, y) = l ��Ý. �~2. ¢�K²¡µ- RP 2 Ǒ 3 �î¼�m R3 ¥�NL�:����8Ü. ½Â8Üm�éA d : RP 2 × RP 2 → R Xeµ
d(l1, l2) = min{α, π-α}Ù¥ α´ l1 Ú l2 �ü�YÆ��. K d ´8Ü RP 2 þ���Ýþ¼ê,Ýþ�m (RP 2, d) ¡¢�K²¡.y²: éA d w,÷vÝþ¼ê�5� 1) Ú 2). éu?¿n^��

l1, l2, l3 ∈ RP 2, �Ä§�� 3 �î¼�m R3 ¥±�:Ǒ%�ü ¥¡��:¤û½�¥¡nÆ/µ
§�n^lã�Ý÷vØ�ª α 6 β + γ.�íØ2. (Ýþ�m�f�m.) ®�Ýþ�m (X, d)±9��f8Ü A ⊂ X .�ÄEÜN�

dA : A×A → X ×X
d
→R.K dA´8Ü Aþ���Ýþ¼ê. ¤�Ýþ�m (A, dA)¡Ǒ��m (X, d)���f�m.�~3. �Äî¼�m R3 ¥e�ã/¤5½�f8Üµ
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�âíØ2§î¼�m R3þ�Ýþp�
Ýþ�m (A, dA), (B, dB), (C, dC), · · · .�~4. �'ÈÅ�mµéu�é¢ê a < b,- C[a, b]Ǒ4«m [a, b]þ�NëY¼ê¤�¤�8Ü"~X§8Ü C[a, b] �)
�uÚ{u¼ê
f(x) = sinx, cosx ∈ C[a, b].Ǒ�)éê¼ê§�ê¼ê§õ�ª¼ê

f(x) = ln(x), ex, anx
n + an−1x

n−1 + · · ·+ a0 ∈ C[a, b],��§Ù¥ x ∈ [a, b].½Â8Üm�éA d : C[a, b]× C[a, b] → R Xeµ
d(f, h) = sup

x∈[a,b]

| f(x)− h(x) | .



· 4 · 1 1 Ù :8ÿÀK d´8Ü C[a, b]þ���Ýþ¼ê, ¤�Ýþ�m (C[a, b], d)¡Ǒ�'ÈÅ�m.y²µ éA d ��½5Úé¡5w,. nÆØ�ª�deª¼�µéu
f, g, h ∈ C[a, b], k

|f(x)− g(x)| 6 |f(x)− h(x)|+ |h(x)− g(x)| 6 d(f, h) + d(h, g). �

1.1.2 Ýþ�m¥�mf83þ¡�?Ø¥·�5¿�§Ýþ�mkõ«äNLy/ª. ��g,��Ä´, °��°�éÑ¤kÝþ�m”�Ǒ�����”, l
�Ǒ¤kÝþ�m�ïÄ, ïáÚ��ó.½Âµ®�Ýþ�m (X, d). éu�: a ∈ X ±9��¢ê δ > 0, f8Ü
B(a, δ) := {x ∈ X, d(x, a) < δ}¡ǑÝþ�m X ¥, ±: a ∈ X Ǒ¥%, �»Ǒ δ �m¥N. Ǒ¡Ǒ a :3

X ¥� δ- ¥N+�.Ýþ�m (X, d) ���f8 U ∈ X ¡Ǒ X �mf8, XJéu?¿�: a ∈ U , �3��¢ê δ > 0, ��
B(a, δ) ⊂ U.�m X ¥¤kmf8¤�¤�8Ü, PǑ τX := {U ⊂ X, U´mf8}.�~6. 3î¼�m (Rn, d)¥§B(a, δ)´Ï~¿Âe”îª�m¥± aǑ¥%�m¥N”µ

. e� A ⊂ Rn ´��f8Ü§¿�	Ýþ�m (A, dA) . éu�: a ∈ A±9��¢ê δ > 0, ·�k
BA(a, δ) = B(a, δ) ∩A.�½n1.1(Ýþ�m¥m8�5�: Ýþ�m (X, d) ¥¤kmf8¤�8Ü τX äkeã5�µ
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1) X, φ ∈ τX ;

2)éu τX ���k�f8 {Ui ∈ τX , 1 6 i 6 n},k U1∩· · · ∩Un ∈ τX ;

3) éu τX �?¿�xf8 {Uλ ∈ τX , λ ∈ Λ}, k ∪
λ∈Λ

Uλ ∈ τX .y²: 5� 1), 3)w,. 5� 2)�y²Xe: éu a ∈ U1 ∩ · · · ∩Un,�3
δi > 0, �� B(a, δi) ⊂ Ui. - ε = min{δi |1 6 i 6 n}, Kk

B(a, ε) ⊂ Ui, 1 6 i 6 n ⇒ B(a, ε) ⊂ Ui ∩ · · · ∩ Un.�

1.1.3 Ýþ�m�m�ëYN�¼ê�ëY5´©ÛÆp���Ä��Vg. Ù¥, � �ǑÙ�´¤¢ “ε-δ �ó”.·�£��e.½Âµ��8Üm�éA f : R → R¡ǑëY¼ê,XJéu?¿�: a ∈ R±9¢ê ε > 0, �3��¢ê δ > 0, ��z� |x− a| < δ, Òk |f(x)− f(a)| < ε.þãëY¼ê�Vg�±Î�æN/í2�Ýþ�m�m�ëYN�.½Â£ëYN�� ε-δ �ó¤µ®�Ýþ�m (X, d) � (Y, d′). ��8Üm�éA f : X → Y ¡Ǒl X � Y �ëYN�,XJéu?¿�: a ∈ X ±9¢ê ε > 0, �3��¢ê δ > 0, ÷vµ
f(B(a, δ)) ⊆ B(f(a), ε)

.

��rN�´§|^Ýþ�m¥m8�Vg, N��ëY5k���Ǒ{'!¢^�Ǒy. � τX , τY ©O´Ýþ¢m (X, d), (Y, d′) ¥�Nmf8¤|¤�8Ü.½n1.2. éuÝþ�m�m���éA f : X → Y , eã^��dµ
i) f ´ëYN�¶
ii) éu Y ¥�z�m8 U ∈ τY , Ñk f−1(U) ∈ τX .



· 6 · 1 1 Ù :8ÿÀy²µ i) =⇒ ii) : � U ∈ τY � a ∈ f−1(U)§·�k f(a) ∈ U ∈ τY"du
U ´m8§�3 ε > 0 , �� B(f(a), ε) ∈ U . du f ëY§�3 δ > 0, �� f(B(a, δ)) ⊂ B(f(a), ε) ⊂ U . âd§B(a, δ) ⊆ f−1(U), l
 f−1(U) ∈ τX�y.

ii) =⇒ i) :éu?¿�: a ∈ X ±9 ε > 0,·�k a ∈ f−1(B(f(a), ε)).du f−1(B(f(a), ε)) ´ X ¥�mf8, �3¢ê δ > 0, ÷v
B(a, δ) ⊂ f−1(B(f(a), ε)).§L² f(B(a, δ)) ⊂ B(f(a), ε). �â½Â, f ´��ëYN�. �

1.1.4 Ýþ�m�4f8½ÂµÝþ�m (X, d) ���f8Ü A ⊂ X ¡Ǒ X ���4f�m(½48), XJ§�Ö�m´ X ¥�m8 X −A ∈ τX . �SK1. 3 1�î¼�m R1¥§éu a < b,·�k (a, b) ∈ τR1 , [a, b), (a, b], [a, b]

/∈ τR1 .�SK2. � Q, W ⊂ R ©OǑ�NknêÚ�nê¤�¤�8Ü. y²Q, W /∈ τR1 . �SK3. � f : Rn → R ´���~��ëYN�. Kk��¿©)
Rn = A− ⊔A0 ⊔ A+,Ù¥

A− = {x ∈ R|f(x) < 0}; A0 = {x ∈ R|f(x) = 0}; A+ = {x ∈ R|f(x) < 0}.y² A−, A+ ∈ τRn , A0 /∈ τRn . �SK4. ®�Ýþ�m (X, d). y²
1) X ¥��8 φ ´ X �4f�m.

2) XJ A1, · · · , An ´ X ¥�k��4f�m, K§��¿8 A1 ∪

· · · ∪ An Ǒ´ X �4f�m"
3) XJ Aλ, λ ∈ Λ, ´ X ¥��q4f�m, K§���8 ⋂

λ∈Λ AλǑ´ X �4f�m" �SK5. � A ´Ýþ�m (X, d) ���4f�m§x ∈ X ´��:. ½Â
d(x,A) := inf{d(x, a) ∈ R| a ∈ A}.y²
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1) x → d(x,A) ´ X þ�ëY¼ê (¡Ǒ�f8Ü A �ål¼ê)¶
2) d(x,A) = 0 �¿©7�^�´ x ∈ A. �SK6. ®�Ýþ�m (X, d), (Y, d′) ±98Üm�N� f : X → Y . y²

f ´ëYN��¿�^�´, éu Y ¥�?¿��48 B ⊂ Y , f−1(B) ´
X ¥�48. �
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1.2 ÿÀ�m�ëYN��!�Ì�SNk

2.1 ÿÀ�m.

2.2 ÿÀ�m�f�m.

2.3 ÿÀ�m�m�ëYN�.

2.4 ÿÀÄ!�È�m.

1.2.1 ÿÈ�m� X ´��8Ü. §��Nf8¤�¤8Ü¡Ǒ X ��8§PǑ
2X := {A, A ⊆ X},w,k φ,X ∈ 2X , Ù¥ φ L« X ¥�/�f80. �8 2X ���f8Ü

τ ⊂ 2X , Ǒ¡Ǒ X � �qf8.½Âµ®�8Ü X ±9§��qf8Ü τ ⊂ 2X . XJ τ äkeã5�
1) φ, X ∈ τ ;

2) τ ¥k��¤
��8áu τµU1, · · · , Un ∈ τ =⇒ U1∩· · ·∩Un ∈ τ ;

3) τ ¥?¿õ�¤
�¿8áu τ : Uλ ∈ τ, λ ∈ Λ =⇒ ∪
λ∈Λ

Uλ ∈ τK¡ τ ´8Ü X þ���ÿÈ.��
��ÿÀ τ �8Ü X ¡Ǒ��ÿÈ�m§PǑ (X, τ). 8Ü τ¥�¤
¡ǑÿÈ�m (X, τ) ¥�m8. �~1. � (X, d) ´��Ýþ�m. - τ ⊂ 2X ´ X ¥dÝþ¼ê d ¤5½��Nm8�8Ü. �â½n1.1, τ ´ X þ���ÿÀ. (X, τ) ¡ǑdÝþ�m (X, d) ¤û½�ÿÀ�m. �~2. Ó��8Ü X , �±kØÓ��ª, ¤ǑÿÀ�m. ~X§·��
1) τ1 = 2X ;

2) τ2 = {φ,X} ⊂ 2X ;

3) τ3 = {φ, X −B ⊂ X | B ⊆ X´k�8};N´�y§þ¡5½� τi þ´8Ü X þ�ÿÈ, §��g¡Ǒµ
1) 8Ü X þlÑÿÀ;

2) 8Ü X þ²�ÿÀ;

3) 8Ü X þ{k�ÿÀ.y²: �k(Ø 3) I�y². ·�k
U ⊂ X {k� ⇐⇒ U = X −B, |B| < ∞.e� Ui ⊂ X {k�µUi = X −Bi, |Bi| < ∞. Kd De Morganúª�:
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a) U1 ∩ · · · ∩ Un = X −

(

∪
16i6n

Bi

)

,

∣

∣

∣

∣

∪
16i6n

Bi

∣

∣

∣

∣

< ∞.

b) ∩
i∈Λ

Uλ = X −

(

∩
i∈Λ

Bi

)

, | ∩
i∈Λ

| < ∞.

1.2.2 ÿÈ�m�f�m��ÿÀÆ�Ä��Ä´§lÿÀ�m (X, τ)�m8Ñu, 5ïÄ X ��NAÛ5�. ��g,�¯K´§�Ýþ�m�'�§ÿÀ�m�^�f
Nõ. �o§éu��ÿÀ�m
ó§́ Ä�3k¿Â�AÛÆ?��5ÿÀÆ6�§�Ø%?Ö´�«§3ÿÀ�m¥�3´L�AÛÆ.·K1. ®�ÿÀ�m (X, τ), ±9§���f8Ü A ⊂ X . -
τA = {A ∩ U ⊂ A| U ∈ τ} ⊆ 2A.K τA ´8Ü A þ���ÿÈ. ¤�ÿÈ�m (A, τA) ¡Ǒ��m (X, τ) ���f�m. ��7f�m�Vg, ·�òÝþ�m¤äk��
Ä�Vg§í2�ÿÀ�m.

A. ÿÀ�m¥�mf�m�4f�m½Â: ®�ÿÀ�m (X, τ)§±9��f8Ü A ⊂ X .XJ A ∈ τ , K¡ A ´ X ���mf�m;XJ B = X −A, Ù¥ A ∈ τ , K¡ B ´ X ���4f�m. �·K2. ÿÀ�m (X, τ) ¥�4f�mäk±e5�µ
1) X � φ Ñ´4f�m;

2) ?¿õ�4f�m��8´4f�m¶
3) k�õ�4f�m�¿8´4f�m.y². 5¿� X,φ ∈ τ , (Ø 1¤�deª�yµ

φ = X −X, X = X − φ.5� 2) Ú 3) �d De Morganúª���y, Ù¥ Uλ ∈ τ :

∪
λ
(X − Uλ) = X −

(

∩
λ
Uλ

)

.

∩
λ
(X − Uλ) = X −

(

∪
λ
Uλ

)

. �
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B.f�mS:!SÜÚ��½Âµ®�ÿÀ�m (X, τ) ±9§���f�m A ⊂ X .

1): x ∈ A¡Ǒf�m A���S:,XJ�3��m8 U ∈ τ , ��
x ∈ U ⊆ A.

2) f�m A ��NS:¤�¤�8Ü§¡Ǒ A �SÜ, PǑ ◦

A.

·K3. ®�ÿÀ�m (X, τ) , ±9§�f�m A,B ⊆ X .

1) A =
◦

A �¿�^�´ A ∈ τ ;

2)
◦

A ´ A ¤�¹���m8;

3) A ⊆ B =⇒
◦

A ⊆
◦

B

4) (A ∩B)◦ =
◦

A∩
◦

B

5) (A ∪B)◦ ⊇
◦

A∪
◦

B.y². 1) � A =
◦

A. Kéu?¿�: x ∈ A,�3 x ∈ Ux ∈ τ , �� x ∈ Ux ⊂ A. u´
A = ∪

x∈A
Ux ∈ τ.��,� A ∈ τ , Kéu¤k x ∈ A, k x ∈ A ∈ τ . §L² x ∈

◦

A§= A =
◦

A.

2)�k ◦

A ⊆ U ⊆ A� U ∈ τ . �I�y² U ⊆
◦

A. éu¤k x ∈ U , k
x ∈ U ⊆ A §¿� U ∈ τ"§L² x ∈

◦

A"
3) éux ∈

◦

A§�3 U
x
∈ τ , �� x ∈ Ux ⊆ A(⊆ B), §L² x ∈

◦

B"l
k ◦

A ⊆
◦

B.

4) du A ∩B ⊂ A,B, l'Xª 3) � (A ∩B)◦ ⊆
◦

A,
◦

B . l

(A ∩B)◦ ⊆

◦

A∩
◦

B .��, du ◦

A∩
◦

B ⊆ A
⋂

B � ◦

A∩
◦

B ´m8, d'Xª 2) �
◦

A∩
◦

B ⊆ (A ∩B)◦.o�, 5� 4) �y.

5) du A,B ⊂ A
⋃

B§d5� 3 �
◦

A,
◦

B ⊆ (A ∪B)◦.
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A∪
◦

B ⊆ (A ∪B)◦. �~3. 3·K 3 �'Xª 5) ¥, �ª��Ø¤á"�Ä X = R, A = X − {0}, B = {0}. Kk (A ∪B)◦ = X.,��¡§◦

A∪
◦

B = A.�

C. f�m A ⊂ X �à:�4�½Âµ®�ÿÀ�m(X, τ), ±9§���f�m A ⊂ X .

1) : x ∈ X ¡Ǒf�m A ���à:, XJ x �z�m+�¥þk
A− {x} ¥�:.

2) f�m A ��Nà:�8Ü¡Ǒ A ��8, PǑ A′.

3) f�m A �4�´ Ā := A′ ∪ A ⊂ X.~4. e¡�~f`²
a) ÿÈ�m�f�m A �à:�Vg§Ú©Û¥à:�Vg�¬Ü.

b) f�m A �à:�±áu A, Ǒ�±Øáu A.e� X = R. �Ǒ��Ýþ�m§§g,Ǒ´��ÿÀ�m.

1) XJ A = {
1

n
∈ R, n > 1}. K A′ = {0};

2) XJ A = [0, 1), K A′ = [0, 1];

3) XJ A = Z, K A′ = φ;

4) XJ A = Q, K A′ = R.·K4. (4�ÚSÜ�'X) éuÿÀ�m X ���f�m A ⊂ X , k
X − Ā = (X −A)◦.
Ù´, 4� Ā ´ X �4f�m.y². x ∈ X − Ā �du x /∈ A; x /∈ A′. �ö�du, �3 x �m��

x ∈ Ux ∈ τ§�� Ux ⊂ X −A. Q x ∈ (X −A)◦.
�|^·K 4 Ú De Morgan úª, �ò·K 3 ¥k'f�mSÜ�5�,���ÈǑf�m4��5�µ·K5. (f�m A ⊂ X �4��5�) ®�ÿÀ�m (X, τ) ���f�m A ⊂ X .

1) A = Ā ⇐⇒ A ´ X�4f�m;

2) Ā ´ X ¥�¹ A ���48;

3) XJ A ⊆ B, K Ā ⊆ B̄;

4) A ∪B = Ā ∪ B̄;
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5) A ∩B ⊆ Ā ∩ B̄. ���láu4��~�Vg´½Âµ®�ÿÀ�m (X, τ) ±9§�f�m A ⊂ X"XJ Ā = X , K¡ A´�m X �È�f�m. �

D. ÿÀ�m¥:��4�½Âµ®�ÿÀ�m (X, τ) ¥��:�
{xn ∈ X, n = 0, 1, 2, 3 · · · }.: a ∈ X ¡ǑT:����4�,XJéuz��¹ a�m8 a ∈ U ∈ τ,�3����ê N > 0, ��{xN+i, i = 1, 2, 3, · · · } ⊂ U. �~: éu�N¢ê�8Ü R, -

τ1 = R ¥dî¼Ýþ¤5½�ÿÀ;

τ2 = R ¥�²�ÿÈ {φ,R}.� {xn, n = 0, 1, 2, 3 · · · } ´ R ¥���:�. Kk
1)3ÿÈ�m (R, τ1)¥,XJ:� {xn, n = 0, 1, 2, 3 · · · }�4��3,K7��.

2) 3ÿÈ�m (R, τ2) ¥, ?¿�: b ∈ R Ñ´T:��4�. �SK1. � Qn ´ n �î¼�m Rn ¥�IǑknê�:�8Ü.y² Qn ´
Rn �È�f�m. �SK2. ®�ÿÀ�m (X, τ) ���f�m A ⊆ X . §�>.´

∂A := Ā−
◦

A .y²µ
(1) ∂A = Ā ∩ (X −A)

(2) ∂A = φ ⇐⇒ A =m�4.

1.2.3 ÿÀ�m�m�ëYN�½Âµ®�ü�ÿÀ�m (X, τ), (Y, τ ′), ±9��8ÜméA f : X → Y.XJéu�m Y �?�m8 U ∈ τ ′, �� f−1(U) ´�m X ¥�m8,K¡ f ´ÿÀ�m�m�ëYN�, P�
f : (X, τ) → (Y, τ ′).�



1.2 ÿÀ�m�ëYN� · 13 ·éuü�Ýþ�m (X, d) 9 (Y, d′), -
τX = X ¥m8�8Ü
τY = Y ¥m8�8Üe¡�(ØL², éuÝþ�m�m�N�
ó, ü«ëY5½Â�d.íØ1: éu��8ÜméA f : X → Y, eã(Ø�d

i) f ´Ýþ�m�m�ëYN� f : (X, d) → (Y, d′);

ii) f ´ÿÀ�m�m�ëYN� f : (X, τX) → (Y, τY )y² � k1, ½n1.2. �íØ2. ��8ÜméA f : X → Y ´ÿÈ�m�m�ëYN��¿�^�´, éu Y �?�4f�m B ⊆ Y , �� f−1(B) ´ X �4f�m.y². éu?�f�m B ⊂ Y , ���m Y ���“��¿©)”µ
Y = B ⊔ (Y −B).l
éu8Ü�m���éAf : X → Y , k��¿©)

X = f−1(Y ) = f−1(B) ⊔ f−1(Y −B).e� f ëY. Kk
B 4⇐⇒ Y −B m⇐⇒ f−1(Y −B) m⇐⇒ f−1(B) 4 �~µ~�ëYN�

1¤éuÿÀ�m (X, τ), §�gC�ðÓN� id : X → X, x → x, ´��ëYN�.y². éu?¿m8 U ∈ τX , ·�k 1−1
X (U) = U ∈ τX . �

2¤®�ÿÀ�m (X, τ), (Y, τ ′) ±9�: y0 ∈ Y . ~�N� f : X →

Y, f(X) = y0 ∈ Y, ´��ëYN�.y²: éu?¿m8 U ∈ τ ′, ·�k
f−1(U) =

{

φ, e y0 /∈ U

X, e y0 ∈ U.o� f−1(U) ∈ τ . �

3¤®�ÿÀ�m��m�ü�ëYN�
f : (X, τ) → (Y, τ ′), g : (Y, τ ′) → (Z, τ̄ ).
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g ◦ f : X → Y → Z´��ëYN�.y². éu�m Z �?¿m8 U ∈ τ̄ , k (g ◦ f)−1(U) = f−1(g−1(U)) ∈ τ.�

4¤®�ÿÀ�m (X, τ) ±9§���f�m A ⊂ X , K¹\N�
iA : A → X, , iA(a) = a, a ∈ A´��ëYN�.?�Ú§XJ f : (X, τ) → (Y, τ ′) ´��ëYN�. KEÜN�

f ◦ iA : A → X → YǑ´ëYN�§¡Ǒ f 3f�m A þ���N�§PǑ f | A.�íØ3. (Å�Ún) � X = A1

⋃

A2§¿� Ai ´4f�m. XJ fi : Ai →

Y, i = 1, 2, ´�éëYN�, ÷v
f1|A1

⋂

A2 = f2|A1

⋂

A2,K�3����ëYN� f : X → Y, ÷v f |Ai = fi, 1 = 1, 2.

y². |^®�ëYN� fi : Ai → Y, i = 1, 2,½Â8Üm�éA f : X →

Y Xe
f(x) =

{

f1(x), e x ∈ A1;

f2(x), e x ∈ A2.du f1|A1

⋂

A2 = f2|A1

⋂

A2, N� f �½ÂÜn.e� B ⊂ Y ´��4f�m, Kk
f−1(B) = f−1(B) ∩X = f−1(B) ∩ (A1 ∪ A2)

= (f−1(B) ∩ A1) ∪ (f−1(B) ∩ A2)

= f−1
1 (B) ∪ f−1

2 (B)�öw,´ X �4f�m"�âíØ2§f ëY. �



1.2 ÿÀ�m�ëYN� · 15 ·SK1. �Ä n �¢�þ�m Rn þ�eãü�ÿÀµ
1) τ1µdål¼ê d : Rn × Rn → R ¤5½�ÿÀ;

2) τ2 : Rn þ�{k�ÿÀ.y²8Ü�m�ðÓN� id : Rn → Rn

1) ´��ëYN� :(Rn, τ1) → (Rn, τ2);

2) Ø´��ëYN� µ(Rn, τ2) → (Rn, τ1). �SK2. Þ~`², Å�Ún¥ A1, A2 ⊂ X ´4f�m�^�Ø��" �

1.2.4 ÿÀÄ��È�m®�ü�ÿÀ�m (X, τ) Ú (Y, τ ′). ��8Ü X � Y �(k�È
X × Y := {(x, y), x ∈ X, y ∈ Y },±9§�1�!1��Ïf�ü�g,ÝKµ
p1 : X × Y → X, p2 : X × Y → Y

p1(x, y) = x; p2(x, y) = y.·�F"38Ü X × Y þÚ\��ÿÀ, ��
1) X × Y ¤Ǒ��ÿÀ�m;

2) p1, p2 ´ÿÀ�m�m�ëYN�.*	: - τ × τ ′ = {U × V ⊆ X × Y, U ∈ τ, V ∈ τ ′}. Kk
1) τ × τ ′ ⊂ 2X×Y ;

2) φ, X × Y ∈ τ × τ ′;

3) XJ U × V, U1 × V1 ∈ τ × τ ′, Kk
U × V ∩ U1 × V1 = (U ∩ U1)× (V ∩ V1) ∈ τ × τ ′.

4) ,
§��`5, éu U × V, U1 × V1 ∈ τ × τ ′,

(U × V ) ∪ (U1 × V1) /∈ τ × τ ′.Qf8q τ × τ ′ ⊂ 2X Ø÷v/m8ún0¥�13^§ÏdØ´8Ü X × Yþ���ÿÀ!~. éuX = Y = R§k X × Y = R2. �
U = V = (1, 2); U1 = V1 = (3, 4)K U × V ∪ U1 × V1 = (1, 2)× (1, 2) ∪ (3, 4)× (3, 4) /∈ τ × τ ′.
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½Âµ®�ÿÀ�m (X, τ) ±9��f8Ü β ⊂ τ . XJéu X ¥?¿�:
x ∈ X ±9§�?¿��m+� x ∈ U ∈ τ§�3 V ∈ β, ��

x ∈ V ⊆ U,K¡ β ´ÿÀ�m (X, τ) ���ÿÀÄ.~. � (X, d) ´��Ýþ�m§ τ ´dÝþ d ¤û½� X þ�ÿÀ. �Ä X ¥¤k¥G+��8Ü
β = {B(x, ε) ⊆ X, x ∈ X, ε > 0}.Kk

1) β ⊂ τ ;

2) β ´ÿÀ�m (X, τ) ���ÿÈÄ.½n2.1. � X ´��8Ü, β ⊆ 2X . XJ β ¥�¤
äkXe5�
1) X = ∪

U∈β
U ;

2) éu?¿ U1, U2 ∈ β, Ñk U1 ∩ U2 ∈ β.K38Ü X þ�3������ÿÀ τ , ± β ǑÿÀÄ.y². ¡ X ���f8 U ⊂ X Ǒ“m8”, XJéuz�: x ∈ U , �3
V ∈ β, ��

x ∈ V ⊆ U.- τ = {∅, U ⊆ X, U ´m8}. K τ ´ X þ���ÿÀ,§± β ǑÿÀÄ.�½Â1. ½ny²¥¤�E�8Ü X þ�ÿÀ τ , ¡Ǒ X þdÿÀÄ β ¤)¤���ÿÈ.½Â2. éuÿÈ�m (X, τ) Ú (Y, τ ′), (k�È X × Y �f8q
β = τ × τ ′ ⊆ 2X×Y



1.3 ÿÀ�m�©l5 · 17 ·÷v½n2.1¥�5� 1)Ú 2). §¤)¤�8Ü X × Y þ���ÿÈ,¡Ǒ�ÈÿÀ§PǑ τX×Y . ¤�ÿÈ�m
(X × Y, τX×Y )¡ǑÿÀ�m (X, τ) Ú (Y, τ ′) ��È�m.íØ1. 3�ÈÿÀ τX×Y e, ÝKN�

p1 : X × Y → X, p2 : X × Y → Y´ÿÀ�m�ëYN�.y². éu U ∈ τX , k p−1
1 (U) = U × Y ∈ τX×Y , l
 p1 ëY. Ón p2 ëY.íØ2. ®�n�ÿÀ�m (X, τX), (Y, τY ), (τ, τZ) ±98Üm�éA

f : Z → X × Y,K f ´ëYN��¿�^�´, EÜN�
p1 ◦ f : Z → X ; p2 ◦ f : Z → YëY.y². XJ f ëY, KdíØ1 �, EÜN� p1 ◦ f Ú p2 ◦ f ëY.��§� p1 ◦ f Ú p2 ◦ f ´ëYN�. éu X ×Y ¥��/X U ×V �m8, U ∈ τX , V ∈ τY , ·�k8Üm��ªµ

f−1(U × V ) = (p1 ◦ f)
−1U ∩ (p2 ◦ f)

−1V.d p1 ◦ f Ú p2 ◦ f �ëY5�§(p1 ◦ f)−1(U), (p2 ◦ f)−1(V ) ∈ τZ . Ïd
f−1(U × V ) ∈ τZ .,��¡§éu X × Y ?�m8 W , �â�ÈÿÀ�½Â

W = ∪(x,y)∈WUx × Vy, Ux ∈ τX , Vy ∈ τY ,l
� f−1(W ) = ∪(x,y)∈W f−1(Ux × Vy) ∈ τZ .�

1.3 ÿÀ�m�©l53þ!�?Ø¥·�5¿�§3��8Ü X ¥�±Ú\ØÓ�ÿÀ τ§��¤ǑÿÀ�m (X, τ). ~X§éu8Ü X = Rn, ·��±� τ Ǒ
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i¤²�ÿÀ¶
ii¤lÑÿÀ¶
iii¤{k�ÿÀ¶
iv¤î¼�mÿÀ"�A/§¤�ÿÀ�m (Rn, τ) ¤äk�AÛÚ©Û5��m§�U�3é��É. ~X n �î¼�m (Rn, d) ¥äk�
Ä��~^�©Û5�:

1) Rn ¥�k�:8´��48;

2) XJ Rn ¥���:� {xk ∈ Rn, k > 0} �34�, K4�:��;

3) XJ f : A → R ´4f�m A ⊆ Rn þ���ëY¼ê, K�3��ëY¼ê F : Rn → R, ÷v F |A = f (= f �*ÜǑ���mþ���ëY¼ê).
éu8Ü Rn þ���ÿÀ τ 
ó§þã5�Ø�½¤á. �!ÏL©l5�?Ø, JÄÙ��g��Ï.¯Kµ�8Ü X þ�ÿÀ(� τ ÷vÛ«^��, þã5�éuÿÀ�m
(X, τ) ¤á?�!SNSüXeµ

3.1 ÿÀ�m�1�!�©l5 (T1, T2).

3.2 ÿÀ�m�1n!o©l5 (T3, T4).

3.3 UrysohnÚn.

3.4 Tietze*Ü½n.

1.3.1 1�!�©l5ún®�ÿÈ�m (X, τ) ±9§���f�m A ⊂ X . XJ A ∈ U ∈ τ , K¡ U ´ A ���m��.½Âµ ®�ÿÀ�m (X, τ).

1) XJ X ¥?¿ü�ØÓ: x, y ∈ X, x 6= y, �3�gØ�¹é��m��§K¡ (X, τ) ´ T1 �m, ½÷v1�©l5ún.

2) XJ X ¥?¿ü�ØÓ: x, y ∈ X, x 6= y, �3�g*dØ���m��, K¡ (X, τ) ´ T2 �m, ½÷v1�©l5ún.
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~1. ��ÿÀ²���m (X, τ), τ = {φ,X}, Ø´ T1 ½ T2 �m"XJ (X, τ) ´{k�ÿÀ�m¶K§´ T1 �m.~2. XJ (X, d) ´Ýþ�m. K (X, τ) ´ T2 �m.¯¢þ§éu�m (X, d) ¥?¿ü�ØÓ: x, y ∈ X, x 6= y§dÝþ¼ê d ��½5� d(x, y) = ε > 0. l

x ∈ B(x,

ε

3
) ∈ τ, y ∈ B(y,

ε

3
) ∈ τ.2dÝþ¼ê d �nÆØ�ª� B(x, ε

3 )
⋂

B(y, ε
3 ) = φ. �íØ1. �� T2 �m (X, τ) Ǒ´ T1 �m.·K1. ��ÿÀ�m (X, τ) ´ T1 �m�¿�^�´§X ¥�k�:8´48.y². duk��48�¿8´48, �I�y² X ´ T1 �m�¿�^�´§X ¥�ü:´48.¿©5µ� X ÷v T1 ún. Kéu?¿�: y ∈ X −{x} ,�3 U ∈ τ

, ��
y ∈ U ⊂ X − {x}.Ïdk X − {x} ∈ τ§l
 {x} ´4f�m.7�5µ�éu?¿�: x ∈ X, x ´4f�m. éu X �?¿ü�ØÓ: x, y ∈ X, x 6= y, §��gkØ�)é��m��

X − {x}, X − {y} ∈ τ �·K2. � (X, τ) ´ T2 �m,¿� {xn ∈ X, n > 0}´ X ¥��k4��:�, KT:��4�:��.y²: � a ∈ X ´:� {xn ∈ X, n > 0} ���4�. ey?¿��ØÓu a �: y 6= a, Ø�U´T:� {xn, n > 0} �4�.du y 6= a � X ´ T2 �m, : y Ú a k�gØ���m+�
y ∈ U ∈ τ, a ∈ V ∈ τ, U ∩ V = φ



· 20 · 1 1 Ù :8ÿÀdu a ´:� {xn ∈ X, n > 0} �4�, �3 N > 0, ��
{xN+i ∈ X, i > 0} ⊂ V.l
: y Ø�U´:� {xn ∈ X, n > 0} �4�. �.½Âµ÷v T2 ún��mǑ¡Ǒ Haussdorff �m. 3�� T2 �m (X, τ)¥, e: a ∈ X ´,:� {xn ∈ X, n > 0} �4�, KPǑ a = lim

n→∞

xn.�

1.3.2 1n!o©l5ún½Â:���mÿÀ (X, τ) ¡Ǒ
1) T3-�m, ½÷v1n©l5ún, XJ X ¥?¿�:�Ø�¹§���48, k�gØ���m��µ
2) T4-�m,½÷v1o©l5ún,XJ X ¥?¿ü�Ø��48,k�gØ���m��µ

�e¡�·KL²§o�©l5ún¿�*dÕáµ·K3. T2 �m´ T1 �m;

T1 + T4 �m´ T3 �m;

T1 + T3 �m´ T2 �m. �·K4. XJ (X, τ) ´dÝþ�m (X, d) ¤5½�ÿÈ�m, K X ÷v�Üo�©l5ún Ti, i = 1, 2, 3, 4.



1.3 ÿÀ�m�©l5 · 21 ·y²: du (X, τ) ®²´´ T1(T2) �m, �â·K 3, ��y² X ´ T4 �m.� A, B ⊂ X ´�éØ���48. �Ä X þ�¢¼ê
f : X → R, f(x) =

d(x,A)

d(x,A) + d(x,B)
.Ù¥

d(x,A) = inf{d(x, a), a ∈ A}.du A, B ´4f�m, d(x,A) � d(x,B) Ñ´ X þ�ëY¼ê. 2dnÆØ�ª�
d(x,A) + d(x,B) > 0, x ∈ X,l
 f ´ëY¼ê. §÷v
f−1(0) = A; f−1(1) = B.l


U = f−1

(

−∞,
1

2

)

, V = f−1

(

1

2
,∞

)

∈ τ´©O�¹ A, B �Ø��m��.·K5. ÿÀ�m (X, τ) ´ T3 �m�¿©7�^�´, éu X ¥?¿�:
x ±9§���m�� U , �3T: x �,�m�� V , ÷v

x ∈ V ⊂ V̄ ⊂ U.ÿÀ�m (X, τ) ´ T4 �m�¿©7�^�´§éu X ¥�?¿��48 A ±9§���m+� U , �3 A ���m+� V , ÷v
A ⊂ V ⊂ V̄ ⊂ U.y². ü�(Ø�y²L§XÓ. e¡=�Ä T4 �m��/.7�5µ� A ´ T4 �m X ¥���48, ¿k A ⊂ U ∈ τ . K A Ú

B = X − U ´ X ¥�Ø�48. Ïd�3§��gØ���m+�
A ⊂ U1 ∈ τ, B ⊂ V1 ∈ τ, U1 ∩ V1 = ∅.âdk

A ⊂ U1 ⊂ X − V1 ⊂ U,Ù¥, Ū1 ⊂ X − V1 ´4f�m. 7�5�y"¿©5µ� A, B ⊂ X ´ü�Ø��48§¿� A km�� U §÷v
A ⊂ U ⊆ Ū ⊆ X − B.
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A ⊂ U ∈ τ, B ⊂ V ∈ τ � U ∩ V = φ.¿©5�y. �

1.3.3 UrysohnÚne¡�½näó, éu T4 �m¥ü�Ø��48§�^ëY¼ê����±«©.½n3.1 (UrysohnÚn): �m (X, τ) ´ T4 �m�¿�^�´, éu X ¥�zéØ��48 A, B ⊂ X , �3��ëYN� f : X → [0, 1], ÷v
f(A) = 0, f(B) = 1.½n 3.1 �y²I�XeÚn.Ún: éu T4 �m X ¥��éØ��48 A, B, �3 X ¥��qmf8
{U(r) ⊂ X, r ∈ [0, 1]}, §÷v

1) éu r ∈ [0, 1], ·�k A ⊂ U(r) ⊆ X −B.

2) éu r < r′, ·�k U(r) ⊂ U(r′).y²: Ún¤äó�mf8q {U(r) ⊂ X, r ∈ [0, 1}} ��E, �6uü «m [0, 1] ¥�knê8 Q ¤äk�eã5�
a) �ê5µQ = {r1, r2, r3 · · · };

b) kS5µéu?¿ s, t ∈ Q, 'Xª s 6 t ½ s > t ��¤á"
c) È�5µ Q̄ = [0, 1].|^8B{, ·�k5�Em8q

{U(r) ⊂ X, r ∈ Q},§÷vÚn¤äó�5� 1) Ú 2).

A

B

U
r1

= B
cU

r6U
r4

U
r7

U
r3U

r5

U
r2

0 = r2 < r5 < r3 < r7 < r4 < r6 < r1 = 1



1.3 ÿÀ�m�©l5 · 23 ·1�ÚµØ��3 a) ¥k r1 = 1, r2 = 0.- U(r1) = U(1) := X −B. Kk A ⊂ U(r1). �â T4 ún(·K5), �3�¹ A �m�� A ⊂ U ∈ τ , ÷v
A ⊂ U ⊆ Ū ⊂ U(r1).½Â U(r2) = U(0) := U .1�Úµe� U(r1), · · · , U(rk), k > 2, ®¼�E. éu rk+1 ∈ Q, -

a = max{r ∈ {r1, · · · , rk}, r < rk+1}.

b = min{r ∈ {r1, · · · , rk}, r > rk+1}.Kd a < b � Ū(a) ⊂ U(b). �â T4 ún, �3m8 U ∈ τ , ÷v
Ū(a) ⊂ U ⊂ Ū ⊂ U(b).- U(rk+1) := U . �d, ·��¤
m8q {U(r), r ∈ Q} �8B�E.��, éu?¿¢ê r ∈ [0, 1], -
U(r) = ∪

s∈Q

s6r

U(s) ∈ τ.Km8q {U(r) ∈ τ, r ∈ [0, 1]} ÷vÚn¤ã5� 1) Ú 2). �½n3.1�y²: ¿©5w,, �I�y²7�5.éuü�Ø��48 A, B ⊂ X§� {U(r)| r ∈ [0, 1]} ´Úny²¤�E���m8q. ½Â�m X þ�¼ê f : X → [0, 1] Xeµ
f(x) =

{

sup{r ∈ [0, 1], x∈̄U(r), x /∈ A}

inf{r ∈ [0, 1], x ∈ U(r), x /∈ B}K f �½ÂÜn. §÷vµ
1) f(A) = 0, f(B) = 1.

2) éu¤k a ∈ [0, 1]

f−1[0, a) = U(a) (x ∈ U(a) ⇐⇒ 0 6 f(x) < a)

f−1(a, 1] = X − ¯U(a) (x ∈ f−1(a, 1] ⇐⇒ 1 > f(x) > a ⇐⇒ x ∈ X − ¯U(a))�â 2), éuü «m [0, 1] ¥?¿�é¢ê a < bµ
f−1(a, b) = f−1 ([0, b) ∩ (a, 1])

= U(b) ∩ (X − ¯U(a)) ∈ τ.du/X [0, a), (a, b), [b, 1] �«m´ [0, 1] ���ÿÀÄ§ f �ëY5�y.

�
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1.3.4 Tietze *Ü½n½n3.2 (Tietze *Ü½n) éu T4 �m (X, τ) ¥���4f�m Aþ�ëY¼ê f : A → [0, 1]. �3 X þ�ëYN� F : X → [0, 1], §÷v
F |A = f.Ö51µ|^Ó� [0, 1] ∼= [a, b], ½n¥ f Ú F ���, �±´?Û4«m. Ö52µÿÀÆ���Ä�¯K´ëYN��*Ü¯Kµ®�f�m A ⊂

X þ���ëYN� f : A → Y , ´Ä�3��ëYN� F : X → Y , ÷v
F | A = f?

ã«µëYN��*Ü¯Ky²: |^ Urysohn Ún, ·�k58B/�E�G¼ê
{ϕn : X →

[

0,
2n−1

3n

]

, n > 1},§�äkXe5�µéu¤k x ∈ A ±9 n > 1, k
0 6 f(x)−

n
∑

i=1

ϕi(x) 6

(

2

3

)n

.

ϕ1��Eµòü «mn�© [0, 1] =
[

0, 1
3

]

∪
[

1
3 ,

2
3

]

∪
[

2
3 , 1

]

. K
A1 = f−1

[

0,
1

3

]

, B1 = f−1

[

2

3
, 1

]þ´ A �4f�m, ¿� A1 ∩B1 = φ. d UrysohnÚn, �3ëY¼ê
ϕ1 : X →

[

0,
1

3

]

,§÷v ϕ1(A1) = 0; ϕ1(B1) =
1
3 , l


0 6 f(x)− ϕ1(x) 6
2

3
, x ∈ A,
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e�ëY¼êG ϕ1, · · · , ϕk ®¼�E.·��X�Ä ϕk+1 ��E.éuëY¼ê
f ′ = f −

∑

16i6k

ϕi : A →

[

0,

(

2

3

)k
]-

A′ = f ′−1

[

0,
1

3

(

2

3

)k
]

, B′ = f ′−1

[

(

2

3

)k+1

,

(

2

3

)k
]

,K� A ¥�ü�Ø��48 A′, B′. �â Urysohn Ún, �3ëY¼ê
ϕk+1 : X →

[

0,
1

3

(

2

3

)k
]�� ϕk+1(A

′) = 0; ϕk+1(B
′) = 1

3

(

2
3

)k
, l


0 6 f −
∑

16i6k+1

ϕi 6

(

2

3

)k+1

, ∀x ∈ A�d§·��¤
¼êG {ϕn : X →
[

0, 2
n−1

3n

]

, n > 1} �8B�E.��, -
F = ϕ1 + · · ·+ ϕn + · · · : X → [0, 1].Kk

1) F �½ÂÜn: éuz: x ∈ X, an(x) = ϕ1(x) + · · · + ϕn(x) ∈

[0, 1], n > 1, ´��üN4Oê�, 4�´ F (x);

2) F |A = f .�I�2y F ´ëY¼ê.éu¿©��N ≫ 0, ·�k F (x) = aN (x) + bN(x), Ù¥
aN =ϕ1 + · · ·+ ϕN ( F �ÌÜ).

bN =ϕN+1 + · · ·+ ϕ∞ ( F �{Ü)

6
1

3

(

2

3

)N

+
1

3

(

2

3

)N+1

+ · · · 6

(

2

3

)N

.éu (a, b) ⊂ [0, 1]±9 x0 ∈ F−1(a, b), k a < F (x0) < b, =
a < F (x0)− ε < F (x0) < F (x0) + ε < b.
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(

2
3

)N
< ε

2 . -
U = a−1

N

(

F (x0)−
ε

2
, F (x0) +

ε

2

)

∈ τ.Kk x0 ∈ U , ¿�éu¤k x ∈ U

F (x0)−
ε

2
< F (x) < F (x0) +

ε

2
.§L² x0 ∈ U ⊂ F−1(a, b), = F−1(a, b) ∈ τ . �d§¼ê F �ëY5�y.�SK1. éu��ÿÀ�m (X, τ), �È�m X ×X �éÆf�m´

∆(X) = {(x, x) ∈ X ×X, x ∈ X}.y² (X, τ) ´ T2 �m�¿©7�^�´§ ∆(X) ´�È�m X ×X �4f�m.SK2. � A ´Ýþ�m (X, d) ���4f�m. ½Â¼ê
dA : X → R, dA(x) = inf{d(x, a) ∈ R, a ∈ A}.y²µ

1) dA ´ X þ�ëY¼ê;

2) dA(x) = 0 �¿©7�^�´§x ∈ A.SK3. y²ü� T2 �m��È�mǑ´ T2 �m"SK4. y² T1 �m¥�?�f8��8´48"SK5. � (X, τ) ´ T2 �m§f : X → X ´ëYN�"y² f �ØÄ:8
Fix(f) := {x ∈ X | f(x) = x}´ X �4f�m.SK6. � (Y, τ) ´ T2 �m§f : X → Y ´ëYN�. y² f �ã�

Gf := {(x, f(x)) ∈ X × Y | x ∈ X}´�È�m X × Y �4f�m.SK7. � (X, τ) ´ T3 �m, A ´ X �4f�m§x /∈ A . y²�3 x Ú
A �g�m�� U Ú V §�� Ū ∩ V̄ = ∅.SK8. ®� T4 �m (X, τ) ¥���4f�m Aþ�ëYN� f : A → Rn.y²�3 X þ�ëYN� F : X → Rn, §÷v F |A = f.SK9. Þ~`²§Tietze *Ü½n¥ A ⊂ X ´4f�m�^�Ø��.J«µ�Ñ��N� f : R−0 → [0, 1]§§ØU*ÜǑëYN� f : R → [0, 1].
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1.4 ÿÀ�m�;�f�m®�î¼�m Rn (½Ýþ�m (X, d))¥���f�m A ⊆ Rn(A ⊂ X),§��»´
d(A) := sup{d(a, b) ∈ R, a, b ∈ A}.XJ d(A) k�, K¡ A ´ Rn ½ X ¥���k.f�m.íØµf�m A ⊂ Rn k.�¿�^�´, �3 Rn ¥���m¥N B(a, r),��A ⊂ B(a, r).Ï~§·�¤'%�AÛNÑ´îª�m¥�k.48. ùaf�mäké��©Û5�. ~X

1) k.48þ�ëY¼ê�����!���;

2) k.48¥���:�7kÂñf�(�;5).�!§·�òþã5�í2�ÿÀ�m¥�/;�f�m0"½Âµ®�ÿÀ�m (X, τ) ±9§���f�m A ⊆ X . X ¥��qmf8 {Uλ ∈ τ, λ ∈ Λ} ¡Ǒ A ���mEX, XJ
A ⊆ ∪

λ∈Λ
Uλ

.?�Ú§XJTCX��I8 Λ k�§K¡m8q {Uλ ∈ τ, λ ∈ Λ}´ A���k�mEX.

A ¡Ǒ (X, τ) ���;�f�m, XJéu§�z�mEX {Uλ ∈

τ, λ ∈ Λ},Ñk��k��fEX
{Uλ ∈ τ, λ ∈ Λ′}, Λ′ ⊂ Λ, |Λ′| < ∞.�!�Ì�SNkµ

1) A ´îª�m Rn �k.48�¿©7�^�´§A ´ Rn ¥�;�f�m;

2) î¼�m¥k.48�NõÄ�5�, �±í2�ÿÀ�m�;�f�m.�!Ì�SNXe
4.1. ÿÀ�m¥�;�f�m�5�¶
4.2. ;�5Ú©l5�'X;

4.3. îª�m¥�k.48;

4.4. Lebesque ½n;

4.5. ÛÜ;��mÚ�;�m
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1.4.1 ;�f�m�5�·K1. ;��m¥�4f�m;�.y²µ éu;��m X ¥���4f�m A ⊂ X , � {Uλ ∈ τ, λ ∈ Λ}´§���mEX. K {X −A, Uλ ∈ τ, λ ∈ Λ} ´���m X ���mCX. du X ;�, §k��k�fCX {U1, · · · , Un ∈ τ} , dd�� A ���k�mEX§§´�mCX���fCX. �·K2. ;��m3ëYN�e��;�.y²µ� X ;�� f : X → Y ëY. ey f(X) ⊆ Y ´;�f�m. �
{Uλ ∈ τ, λ ∈ Λ} ´�8 f(X) ���mEX. K� X ���mEX

Λf := {f−1(Uλ), λ ∈ Λ}du X ;�, §kk�fEX;

Λ′

f = {f−1(Ui), 1, · · · , n ∈ Λ}.âd, {Ui, 1 6 i 6 n} ´ f(X) ���k�mCX, §´�CX���fCX. �·K3. ;�ÿÀ�mþ�ëY¼êk.,¿�����!���.y²: � X ;�� f : X → R ëY.Kd·K2, f(X) ⊆ R ´��;�f�m, l
´��k.48. Ïd
a = sup{f(x) ∈ R, x ∈ X} ∈ f(X)

b = inf{f(x) ∈ R, x ∈ X} ∈ f(X)
Ù´§�3 x1, x2 ∈ X , �� f(x1) = a, f(x2) = b. �·K4. ;��m X, Y ��È�m X × Y ;�.Ún£+G����35¤µ� Y ;�, x0 ∈ X ´��½:, W ´�È�m
X × Y ¥�¹
f�m x0 × Y ���m8.K�3: x0 ∈ X ���m�� U(x0) ∈ τX , �� U(x0)× Y ⊂ W .y²:�â�ÈÿÀ�½Â§éu?¿�: y ∈ Y ,�3: x0 �m�� Uy ⊂

X , ±9: y �m+� Vy ⊂ Y , ��
(x0, y) ∈ Uy × Vy ⊂ W.
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� x0 × Y ���mEX Λ = {Uy × Vy , y ∈ Y }. du x0 × Y ;�§§kk�fCX
Λ = {Uyi

× Vyi
, 1 6 i 6 n}.- U(x0) = ∩

16i6n
Uyi

, Kk
1) x0 ∈ U(x0) ∈ τX ;

2) x0 × Y ⊂ U(x0)× Y ⊂ W. �

[Úny²«¿ã]

·K4�y²µ� {Uλ ∈ τ, λ ∈ Λ} ´�È�m X × Y ���mEX. éuz: x ∈ X , §Ǒ´;��m x× Y ���mEX, Ïd�3k�fCX
x× Y ⊂ Uλ1(x) ∪ · · · ∪ Uλn(x)(x), λi(x) ∈ Λ.�âÚn, �3: x �m�� x ∈ U(x) ∈ τX§§÷v

x× Y ⊂ U(x)× Y ⊂ Uλ1(x) ∪ · · · ∪ Uλn(x)(x), λi(x) ∈ Λ.du {U(x) ∈ τX , x ∈ X} ´;��m X ���mEX, §kk�fEX
X ⊂ U(x1) ∪ · · · ∪ U(xm).o�, ·����È�m X × Y mCX {Uλ ∈ τ, λ ∈ Λ} ���k�fCX

{Uλi(xj), j = 1, · · · ,m; i = 1, · · · , n(xj), λi(xj) ∈ Λ}.�·K5(;��m� Bolzano-Weierstrass5� ). ;��m¥����¡f8 (½�¡:�) A 7kà:.y²µ�I�y²§XJ X ;�� A ⊂ X vkà:§K |A| < ∞.�âà:�½Â, éu?¿�: x ∈ X , �3m�� x ∈ U(x) ∈ τ ��
A ∩ U(x) =

{

φ, e x∈̄A

x e x ∈ A.



· 30 · 1 1 Ù :8ÿÀdu X ;�, §�mEX {U(x) ∈ τ, x ∈ X} �3��k��fEX
{U(x1), · · · , U(xn)}.duz�m8 U(xi) �õ�¹ A ¥��:, l
 |A| 6 n ´��k�8 . �

1.4.2 T2 �m�;�f�m(©l5Ú;�5�'X)·K1: � A ´ T2 �m (X, τ) ���;�f8. Kéuz: x ∈ X −A, :
x Ú A kØ�m��.y²: du X ´ T2 �m� x ∈ X −A, éuz�: a ∈ A �3

a ∈ U(a) ∈ τ, x ∈ Va(x) ∈ τ�� U(a) ∩ Va(x) = φ. du A ;�, §�mEX {U(a) ∈ τ, a ∈ A} �3k�fEX {U(a1), · · · , U(an)}, -
U(A) = U(a1) ∪ · · · ∪ U(an), V (x) = Va1(x) ∩ · · · ∩ Van

(x) ∈ τ,Kk x ∈ V (x) ∈ τ, A ⊂ U(A) ∈ τ, ¿� V (x) ∩ U(A) = φ. �·K2: T2 �m�;�f�m´4f�m.y²: d·K1�y²�, e A ⊂ X ;, K§�Ö�m X −A ´m8. �·K3: T2 �m¥Ø��;�f�mkØ��m+�.y²: � X ´ T2 �m, A,B ⊂ X ;�� A ∩B = φ. �â·K2, éu?¿: b ∈ B �3
A ⊂ Ub(A) ∈ τ, b ∈ V (b) ∈ τ�� Ub(A) ∩ V (b) = φ.du B;�,§�mEX {V (b) ∈ τ, b ∈ B}kk�fEX {V (b1), · · · , V (bn)}.-

U(A) = ∩
16i6n

Ubi(A) ∈ τ, V (B) = ∪
16i6n

V (bi) ∈ τ.Kk A ⊂ U(A), B ⊂ V (B), ¿� U(A) ∩ V (B) = φ. �·K4: ;� T2 �m÷v T3, T4 ún.y²: 3;� T2 �m X ¥, A ⊆ X ´4f�m�du A ;�. y²d·K2, 4�¤. �
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1.4.3 îª�m¥�k.48½n4.1: î¼�m Rn �f�m A ;��¿�^�´, A ´��k.48.y²: ¿©5µ� A ⊂ Rn ;�. du Rn ´ T2 �m, A ´��4f�m. ey A k..éu a ∈ A, - U(a) = {x ∈ Rn, d(a, x) < 1}. K� A ���mEX
{U(a) ∈ τ, a ∈ A}. du A ;�§§kk�fEX

{U(a1), · · · , U(an)}dnÆØ�ª� d(A) 6 d(a1, · · · an) + 2.7�5µ� A ⊂ Rn ´��k.48. �½�: a = (a1, · · · , an) ∈ A,¿� r = d(A) < ∞. Kk
A ⊆ I(a, r) := [a1 − r, a1 + r]× · · · × [an − r, an + r].

duz�4«m [a, b] ;�, §���È�m I(a, r) ;�, � A ⊂ I(a, r) 4.l
 A ;�. �

1.4.4 LebesgueÚn½n4.2 éu;�Ýþ�m (X, d)���mEX {Uλ ∈ τ, λ ∈ Λ},�3���ê δ > 0, ��éu X ¥z��»�u δ �f�m A ⊂ X (d(A) < δ),�3 λ ∈ Λ, ÷v A ⊂ Uλ.y² ^�y{. � {Uλ ∈ τ, λ ∈ Λ}, ´;�Ýþ�m (X, d) ���mEX, ¿�éuz��ê n = 1, 2, 3, · · · , �3f�m An ⊂ X , ÷v
d(An) <

1

n
� An⊂Uλ, ∀λ ∈ Λ.?� an ∈ An, K {an ∈ X, n > 1} ´;�Ýþ�m X ¥����¡:�,l
kÂñf�. Ø��

lim an = a ∈ Uλ0 , λ0 ∈ Λ



· 32 · 1 1 Ù :8ÿÀdu Uλ0 m, �3 ε > 0, �� a ∈ B(a, ε) ⊂ Uλ0 . ,��¡, �3 ε > 0, ��
d(a, aN ) <

ε

2
� 1

N
<

ε

2§�L² AN ⊂ B(a, ε) ⊂ Uλ0 . ù� AN ��{�gñ. �

1.4.5 Ö¿µÛÜ;��m��;�m3Ú6/k'�AÛÚÿÈÆ¥, Äu“;5”�ØyÚ�E�©Ä�.Ù¥§;�5���~~w�Lu�Ǒ. e¡0�ü��f!��©~^�;5��.½Â: ��ÿÀ�m (X, τ) ¡ǑÛÜ;��m, XJéu§�?¿�:
x ∈ X , �3;�f�m A ⊂ X , �� x ∈

◦

A"½Â: ��ÿÀ�m (X, τ)¡Ǒ�;�m,XJéu§�z�mEX {Uλ ∈

τ, λ ∈ Λ}, �31��mEX {Vλ ∈ τ, λ ∈ Λ′ ⊂ Λ}, ÷ve�^�µ
1) éuz� λ ∈ Λ′ ⊂ Λ§k Vλ ⊂ Uλ;

2) éuz: x ∈ X , �3��m�� U(x), §=�k�� Uλ ��;þã1��mEX {Vλ ∈ τ, λ ∈ Λ′} ¡Ǒ�mEX {Uλ ∈ τ, λ ∈ Λ} ���ÛÜk��m\[.'uùü«fz
�;�5�?Ø,3��§ÝþÚ;�5�?Ø²1"F"ÖöÏLe���N¬ù�:.SK1. ;��m7´ÛÜ;��m. îª�m Rn ÛÜ;�, �Ø;�.SK2. ÛÜ;�� T2 �m÷v T3 ún.SK3. �;� T2 �m÷v T4 ún.

1.5 ÿÀ�m�ëÏ5Ú©l5Ú;�5�'�§ÿÀ�m�ëÏ5´���Ǒ�*�Vg"~X§3·�¤)¹� 3 �î¼�m R3 ¥, -
X =/¥(�)SÜ)¤Óâ� �£:¤�8Ü(Ýþ�m).�Ä¼ê f : X → R, f(x) =:x ∈ X �°opÝ. -

A = {x ∈ X, f(x) > 0}, B = {x ∈ X, f(x) < 0}.Kk
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1) B ´��ëÏ�m;

2) A = îæ�¬ ⊔ {³�¬ ⊔ �� · · · ´��ØëÏ�m.éu��ÿÀ�m (X, τ) §XÛ|^ X ¥�ÿÀ(� τ , éu�m X�ëÏ5�Ñ��î�½Â§§�·�é“ ëÏ5”��*�£�êÜº½ÂµÿÀ�m (X, τ) ¡ǑëÏ�§XJéu X �?¿����¿©)
X = A ⊔B, A,B 6= φ,Ñk Ā∩B 6= φ§½ A∩ B̄ 6= φ£= B ¥�3 A �à:§½ A¥�3 B �à:).~1µ �Ä²¡ R2 ¥�f�m X = A ∪B, Ù¥

A = {(0, y) ∈ R2 | −1 6 y 6 1}, B = {(x, sin
1

x
)| x ∈ (0, 1)}Kk Ā ∩B = φ, � A ∩ B̄ = A 6= φ. l
 X ´��ëÏ�m.~2µ î¼�� R �f�mX = (−1, 0) ∪ (0, 1) ØëÏ.�	²¡ R2 ¥�ü^­�

A = {(x, ex) ∈ R2, x ∈ R}; B = {(x, 0) ∈ R2, x ∈ R}.K A ∪B ØëÏµA ∩B = φ,A = Ā, B = B̄.�!�Ì�SNkµ
5.1. ëÏ�m�5���½;

5.2. ÿÀ�m�ëÏ©|9©);

5.3. �´ëÏ�m
1.5.1 ëÏ�m�5���½½n5.1: éu��ÿÀ�m(X, τ), ±e5��d

1) X ëÏ;

2) X ¥=m�4�f�m�k X Ú φ;

3) X ØULǑü���Ø�m8�¿8;

4) ?�ëYN� f : X → {0, 1} 7´~�N�, Ù¥ {0, 1} D�lÑÿÀ.y²: æ^Ì�y{ 1) =⇒ 2) =⇒ 3) =⇒ 4) =⇒ 1).
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1) =⇒ 2)µ� X ëÏ. eØ,, �3�m X ���=m�4����ýf�m A ⊂ X . l
 B = X\AǑ´ X ���=m�4���ýf�m.l
k

X = A ∪B � Ā ∩B = A ∩ B̄ = A ∩B = φ.ù� X �ëÏ5�gñ.

2) =⇒ 3)µw,
3) =⇒ 4)µe�3ëY÷� f : X → {0, 1}, K

X = A ∪B, A = f−1(0), B = f−1(1).Ù¥ A, B ⊂ X ´Ø�m8. ù� 3) gñ.

4) =⇒ 1)µe X ØëÏ, Kk X = A ∪B, A, B 6= φ �
Ā ∩B = A ∩ B̄ = φ.l
 A,B ⊂ X ´Ø�mf�m"½ÂN�µ

f : X → {0, 1} Ǒ f(x) =

{

0, x ∈ A

1, x ∈ BK f ëY�´÷�, ù� 4) �gñ. �e¡?ØëÏ�mäk���5�·K1: ¢¶ R ¥�ëÏf�m½´��ü:§½´��«m.y²: � X ⊂ R ���ëÏ. -
a = inf{r ∈ X} b = sup{r ∈ X}.Kk:

X ⊆



































a = b, e X = {a}

(a, b), e a, b∈̄X,

[a, b], e a, b ∈ X

[a, b), e a ∈ X, � b∈̄X

(a, b], e a∈̄X, � b∈Xey�ª¤á"XeØ,§�3 a < c < b, �� c /∈ X . -
A = X ∩ (−∞, c), B = X ∩ (c,+∞)K A,B ⊂ X ´��mf�m, ¿�k

A = A ∪B, A ∩B = φ



1.5 ÿÀ�m�ëÏ5 · 35 ·�â½n5.1¥(Ø 3) �, X ØëÏ, �®��gñ. �·K2µ ëÏ�m3ëYN�e��ëÏ.y²µ e� f : X → Y ëY� X ëÏ§ y f(X) ⊆ Y ´��ëÏf�m. eØ,§�â½n5.1§�3��ëY÷� g : f(X) → {0, 1}§l
Ü¤N�
g ◦ f : X

f
→ f(X)

g
→{0, 1}´��ëY÷�. d�½n5.1¥�5�4¤�gñ. �·K3 (0�½n): ëÏ�m X þ���ëY¼ê f : X → R ���¤k¥m�.y²: �â·K 1 Ú 2§f(X) ⊆ R ´��«m. �·K4: � {Aλ ⊆ X, λ ∈ Λ} ´ÿÀ�m X ���ëÏEX(= Aλ ëÏ� X = ∪

λ∈Λ
Aλ). XJ�3 λ0 ∈ Λ,��éu?¿ λ ∈ Λ,Ñk Aλ0 ∩Aλ 6= φ,K X ´ëÏ�m.y²: � f : X → {0, 1} ´��ëYN�. �â½n5.1§�I�y²§´��~�N�.du Aλ0 ëÏ§�â½n5.1¥�5�4¤§·�k f(Aλ0) = 0½ f(Aλ0) =

1"Ø�� f(Aλ0) = 0.éuz� λ ∈ Λ , du Aλ ëÏ¿� Aλ0 ∩ Aλ 6= φ, §l
 f(Aλ) = 0 .âd
f(X) = ∪

λ∈Λ
f(Aλ) = 0.�·K5: XJ X, Y ëÏ§K�È�m X × Y ëÏ.y²: ?��: y0 ∈ Y .du X, Y ëÏ§�È�m X × Y kXeëÏCX

{X × y0, x× Y, x ∈ X},



· 36 · 1 1 Ù :8ÿÀ§÷v
X × y0 ∩ x× Y = (x, y0) 6= ∅�â·K4, ·K5 ¤á. �·K6: � A ⊂ X ´��È�f�m Ā = X . XJ A ëÏ, K X ëÏ.y²: � B ⊆ X =m�4, �â½n5.1§�I�y² B = φ ½ B = X.du B ∩A ⊆ A =m�4§� A ëÏ§l


B ∩ A =

{

φ,

A.

1) XJ B ∩ A = φ, Kk A ⊆ X −B. �4��
X = Ā ⊆ ¯(X −B) = X −B§L² B = φ.

2) XJ B ∩ A = A, Kk A ⊆ B ⊆ X . �4��
X = Ā ⊆ B̄ = B ⊆ X.§L² B = X. �

1.5.2 ÿÀ�m�ëÏ©|½ÂµÿÀ�m X ���f�m A ⊂ X ¡Ǒ X ���ëÏ©|§XJ AëÏ, �Ø´ X �?ÛëÏf�m�ýf�m.·K7: 3��ÿÀ�m X ¥
1) X �z�ëÏf�m A Ñ�¹u����ëÏ©|¥;

2) X �z�ëÏ©|Ñ´ X �4f�m.y²: 1) � A ⊆ X ´��ëÏf�m. -
Λ = {B ⊂ X, B ëÏ� A ⊆ B} ⊆ 2X ; X0 = ∪

B∈Λ
B.K Λ ´ X0 ���ëÏEX§�÷v

∀B,B′ ∈ Λ, k A ⊂ B ∩B′ 6= φ.�â·K4§X0 ëÏ.ey X0 ´��ëÏ©|. XJk X0 ⊆ X1, � X1 ëÏ§K X1 ∈ Λ.l
 X1 ⊆ X0.
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2) � X0 ⊆ X ´��ëÏ©|"Kd·K6 �§ X̄0 ëÏ. d X0 �4�5� X0 = X̄0, l
 X0 ´ X �4f�m.~3: �é·K7�(Ø2)§·�Þ~`²,ÿÀ�m X ���ëÏ©| A�±Ø´mf�m.� X = R1 ¥�Nknê�¤�f�m.K X ¥�z���m8´���¡8"ey X �z�ëÏ©|7Ǒ��ü:§l
 X �ëÏ©|Ø´m8.y²: � A ⊂ X ´��ëÏ©|. �Ä¹\N�
f : A →֒ X

i
→R.du f ëY§f(A) ⊆ R ëÏ. du f(A) ´knê�f8Ü,�â·K1§�Uk f(A) = {r}§âd, A = {r} ´ü:. �½n5.2 � {Xλ ⊆ X, λ ∈ Λ} ´ÿÀ�m X ��NëÏ©|�8Ü"Kk

1) Xλ ∩Xλ′ = φ, e λ 6= λ′;

2) X = ⊔
λ∈Λ

Xλ. �

1.5.3 �´ëÏ�m½ÂµÿÀ�m (X, τ) ¥��^�´´���ëYN� α : [0, 1] → X , Ù¥
α 3«müà�� α(0), α(1) ∈ X ©O¡Ǒ�´ α �å:Úª:§Ú¡Ǒ α�à:. �

ÿÀ�m (X, τ) ¡Ǒ�´ëÏ�m§XJéu X ¥?¿ü: x, y ∈ X ,�3�^�´ α : [0, 1] → X , ÷v (α(0), α(1)) = (x, y). �½n5.3: �´ëÏ�mäkeã5�µ
1) �´ëÏ�m´ëÏ�m;

2) �´ëÏ�m3ëYN�e���´ëÏ;

3) �´ëÏ�m��È�m�´ëÏ.y²: 1¤^�y{. � X �´ëÏ�ØëÏ. Kk©)
X = A ⊔B, A ∩B = φ,
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α : [0, 1] → X, ÷v α(0) = x, α(1) = y.u´k

[0, 1] = α−1(A) ⊔ α−1(B),Ù¥ α−1(A), α−1(B) ⊆ [0, 1] =m�4§¿�k α−1(A) ∩ α−1(B) = ∅. ù�4«m [0, 1] �ëÏ5gñ.

2) � f : X → Y ëY� X �´ëÏ"ey f(X) ⊆ Y �´ëÏ. éu?¿ü: y1, y2 ∈ f(X), �3 x1, x2 ∈ X , ��
f(xi) = yi, i = 1, 2.

duX �´ëÏ§�3�^�´ α : [0, 1] → X §÷v α(0) = x1, α(1) = x2.´�, EÜN�µ
f ◦ α : [0, 1]

α
→X

f
→Y.ëY§¿�÷vf ◦ α(0) = y1, f ◦ α(1) = y2.

3) � X, Y þ´�´ëÏ�m. éu�È�m�?¿ü: (xi, yi) ∈

X × Y, i = 1, 2, -
α : [0, 1] → X, β : [0, 1] → Y©O´l x1 � x2, y1 � y2 �ü^�´"K

γ = (α, β) : [0, 1] → X × Y, γ(t) = (α(t), β(t))´�È�m X × Y ¥l (x1, y1) � (x2, y2) ��^�´. �½Âµ®�ÿÀ�m (X, τ)¥ü: x, y ∈ X .XJ�3�^�´ α : [0, 1] → X÷v
α(0) = x, α(1) = y,K¡ x, y  uÓ��´ëÏ©|, PǑ x ∼ y. �



1.5 ÿÀ�m�ëÏ5 · 39 ·Ún: �m X ¥�þãü�'X ∼ ´���d'X.y²: 1¤g�5µéu?¿�: x ∈ X , ~��´ α : [0, 1] → x ∈ X ´ x�gC��^�´, §L² x ∼ x.

2) é¡5: XJ x ∼ y, K�3l x � y ��^�´ α : [0, 1] →

X (α(0) = x, α(1) = y). -
α−1 : [0, 1] → X Ǒ α−1(t) = α(1 − t).K α−1 ëY, �÷v α−1(0) = y, α−1(1) = x. §L² y ∼ x.

3) D45µXJ x ∼ y, � y ∼ z, Kk
α : [0, 1] → X ÷v α(0) = x, α(1) = y;

β : [0, 1] → X ÷v β(0) = y, β(1) = z.- γ : [0, 1] → X Ǒ
γ(t) =















α(2t), t ∈

[

0,
1

2

]

β(2t− 1), t ∈

[

1

2
, 1

]

�âN��Å��n§γ ëY§¿k γ(0) = x, γ(1) = z. l
 x ∼ z. �½Âµ3Ún�y²¥§α−1 ¡Ǒ�´ α � _�´, γ ¡Ǒ�´ α � β ��È�´§ǑPǑ γ := α ∗ β. �·K1: ®�î¼�m�mf8 X ⊆ Rn. K X ëÏ�¿�^�´ X �´ëÏ.y²: ¿©5w,. ey7�5.� X ëÏ. ��½: x0 ∈ X , -
U(x0) = {x ∈ X, x ∼ x0}, V (x0) = {x ∈ X, x 6=∼ x0}Kkµ

a) X = U(x0) ∪ V (x0), U(x0) ∩ V (x0) = ∅;
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b) U(x0) ´ X ���mf8µ∀x ∈ U(x0), �3 ε > 0, ��

x ∈ B(x, ε) ⊂ X ( du X m).d'X ∼ �D45�µx ∈ B(x, ε) ⊂ U(x0).

c) Ú b) Ón, V (x0) ´ X �mf8.XJ V (x0) = φ, K X = U(x0) �´ëÏ. XJ V (x0) 6= φ, K X ´ü���Ø�mf�m�¿, ù� X �ëÏ5�gñ. �~4: Rn ¥�ëÏf�mØ�½�´ëÏ. 
Ù´§·K1¥ëÏf�m
X ⊂ Rn ´m8�^�Ø��.�Ä²¡ R2 ¥�eãf�m.

A = {(0, y) ∈ R2,−1 6 y 6 1}

B =

{(

x, sin
1

x

)

∈ R2, 0 < x 6 1

}K A, B �g�´ëÏ. - X = A ∪B. Kd A ∩ B̄ = A � X ëÏ.

eyØ�3l A � B ��´§l
 X ��´ëÏ.*	µéu a ∈ A§- D= ²¡ R2 ± a Ǒ%, �»Ǒ 1

2
�4	�. K

D ∩X = l0 ⊔ l1 ⊔ l2 ⊔ · · ·Ù¥ l0 = D ∩ A,‘
 l1, · · · , lk · · · ´ D ∩ B ¥�ëÏ4lã§§�´�m
D ∩X �ëÏ©|.� α : [0, 1] → X ´�^�´, ÷v α(0) = (0, 0) ∈ A. ey α[0, 1] ⊆ A

(=Ø�3l A � B ��´).P H = α−1(A), K H ⊆ [0, 1] ´��48. �Iy² H ½´��m8,l
 H = [0, 1].éu t0 ∈ H , - a = α(t0), D = B

(

a,
1

2

)

. Kk
1) �3 ε > 0, �� α(t0 − ε, t0 + ε) ⊂

◦

D;



1.5 ÿÀ�m�ëÏ5 · 41 ·

2) D ∩X = l0 ⊔ l1 ⊔ l2 ⊔ · · · .du α(t0 − ε, t0 + ε) ëÏ, α ëY, � α(t0) ∈ l0, l

α(t0 − ε, t0 + ε) ⊆ l0 ⊂ A·�� (t0 − ε, t0 + ε) ⊂ H . �½ÂµÿÀ�m (X, τ) 'u�d'X ∼ ����da§Ǒ¡Ǒ X ����´ëÏ©|" �½n5.4: z�ÿÀ�m (X, τ) ���©)Ǒ§��Ü�´ëÏ©|���¿µ
X = ⊔

λ∈Λ
Xλ, Λ = X/ ∼ .éu�: x0 ∈ X, ,- A, B ©O´�¹§��´ëÏ©|ÚëÏ©|§Kk A ⊆ B �~5: éu~4¥�ëÏ�m X = A∪B§§��´ëÏ©|´ A,B,Ù¥

B Ø´��4f�m.

1.5.4 ÛÜëÏ5ÚÛÜ�´ëÏ5½Âµ®�ÿÀ�m (X, τ).

1) X ¡ǑÛÜëÏ�m§XJéu X ¥�z: x ∈ X ±9§���+� U , �3 x ���ëÏ+� V , ÷v x ∈ V ⊆ U.

2) X ¡ǑÛÜ�´ëÏ�m§XJéu X ¥�z: x ∈ X ±9§���+� U , �3 x ����´ëÏ�+� V , ÷v x ∈ V ⊆ U.~6.I�5¿�´ ëÏ /=⇒ ÛÜëÏ�´ëÏ \=⇒ÛÜ�´ëÏ�Ä²¡ R2 ¥�eãf�m
A =

{

(x, y) ∈ R2, x = 0, 1,
1

2
,
1

3
, · · · ; 0 6 y 6 1

}

B = {(x, 0) ∈ R2, 0 6 x 6 1}¿- X := A ∪B:



· 42 · 1 1 Ù :8ÿÀ
Kk

1) X �´ëÏµéu?¿ (x, y) ∈ X , �3l (x, y) � (0, 0) ��^�´ α : [0, 1] → X.

2) X ØÛÜ�´ëÏµ� (

0,
1

2

)

∈ X , ¿-
U =

{

(x, y) ∈ X, d

(

(x, y),

(

0,
1

2

))

<
1

2

}

.Kk U = l0 ⊔ l1 ⊔ l2 ⊔ · · · , §´�¡õ��´ëÏ©|�¿8"SK1. � C Ǒ X �ëÏf�m§¿� C ⊂ A ⊂ C̄. y² A Ǒ´ X �ëÏf�m.e¡�SK2-3^�0�½n£·K3¤SK2. � f : [a, b] → R ëY� f(a) · f(b) < 0, K�3 c ∈ [a, b] ��
f(c) = 0.SK3 (1�BrouwerØÄ:½n)µ� f : [−1, 1] → [−1, 1] ëY. �3 c ∈

[a, b]�� f(c) = c.J«µXJ f(−1) = −1½ f(1) = 1,(Ø®²¤á"e�
f(1) < 1, f(−1) > −1. Ú\9Ï¼ê g : [−1, 1] → R. Kk g(1) · g(−1) < 0.SK4. y²ÿÀ�m X ëÏ�¿�^�´ X �z���ýf�mk���>."SK5. � X ´��ÿÀ�m, A ⊂ X ´ëÏf�m§B ⊆ X Qmq4. y²e A ∩B 6= ∅§K A ⊆ B.SK6. � X ´��ÿÀ�m, A ⊂ X ´ëÏf�m§B ⊆ X Qmq4. y² A ⊆ B, ½ A ⊆ X −B.SK7. y²z�m8 A ⊂ Rn �ëÏ©|�ê.SK8. y² n �¥¡ Sn = {x ∈ Rn+1, d(x, x) = 1} �´ëÏ.SK9. � C ⊂ R2 ´���ê8. y²Ö�m R2 − C �´ëÏ.



1.5 ÿÀ�m�ëÏ5 · 43 ·SK10. - A = {(s, t) ∈ R2, s, t ∈ Q} ´²¡¥�Nkn:�8Ü. y²§�Ö�m R2 −A �´ëÏ.½Âµî¼�m Rn ���f�m Ω¡Ǒàf�m,XJéu?¿ü: a, b ∈

Ω, §��m�ë� u Ω.Ö5: �8Ǒ´à8.3 Rn ¥§a, b ∈ Rn �m�ã�ëê�§´
α(t) = tb+ (1− t)a, t ∈ [0, 1].

SK11.y².

1) î¼�m Rn ¥�à8´�´ëÏ�m¶
2) � Ω1,Ω2 ⊆ Rn ´àf�m§K Ω1 ∩ Ω2 Ǒ´àf�m.SK12. �Ä n ��gõ�ª¼ê

f : Rn → R, f(x1, · · · , xn) =
∑

16i6n

aix
2
iÙ¥�Xê ai > 0"� r > 0 ´���¢ê, y²

Ω(f, r) = {x ∈ Rn| f(x) 6 r}´ Rn ¥���àf�m.

(J«µ�§ f(x) = r ´ Rn ¥���ý¥¡§Ω(f, r) ´Tý¥¡¤.�4ý¥N).SK13. �Ä n ��gõ�ª¼ê
f : Rn → R, f(x1, · · ·xn) =

∑

aixi,Ù¥�Xê ai Ø�Ǒ 0. éu��¢ê r ∈ R, -
Ω+(f, r) = {x ∈ Rn, f(x) > r}

Ω0(f, r) = {x ∈ Rn, f(x) = r}
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Ω−(f, r) = {x ∈ Rn, f(x) 6 r}y² Ω+,Ω0,Ω− ⊆ Rn ´àf�m.J«µΩ0(f, r) ⊆ Rn ´�Ü�²¡, Ω+, Ω−  u§�üý.SK13. y²ÛÜëÏ�m¥�mf�mÛÜëÏ.


